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SUGGESTIONS TO AUTHORS 


Much needless expense and many errors can be avoided. The 
editors of several mathematical journals have agreed upon the 
following suggestions. 


1. Typewrite words and the very simplest formulas only. 

2. Do nol try to typewrite any complex formula. Write them. 
3. Keep a copy, and send the editors two copies, if you can. 
4. Do not underline any symbols or any formulas. 

5. Underline theorems with blue pencil (avoid ink). 

6. Follow our recent styles in abbreviations, footnotes, etc. 

7. Write carefully the (often misunderstood) capitals CK PS V W XZ. 
8. Write €, not ¢. Write very carefully y 7 « Av rv x @. 

9. Among Greek capitals, useonly TAQ A Q. 

10. Punctuate carefully, especially in formulas; thus: 1, 2, - - +, . 

11. Use the solidus (/) to avoid fractions in solid lines. 

12. Use fractional exponents to avoid root signs every where. 

13. Use extra symbols to avoid complicated exponents. 

14. In typewritten formulas, 1 means “one”’; to indicate “ell” in formulas, back- 
space and overprint /; thus: ’ & Similarly, 0 means “zero”; to indicate “cap O”, 
backspace and oneatiat period; thus: Q . 

15. Avoid a dash over a letter, except for those shown beléw. 

16. Some samples of unusual types available on machines follow. A more complete 
list of all such types will be sent on request. ‘ 


Light Face Greek—a B y --- (all) A BT’: - - (all). 
Light Greek Superiors—‘ and** 7 -- (all except «and o). 
Light Greek Inferiors— 4 4 zo and « (all except and o); 
* Boldface Greek—q@ Bie@nOuvingo andQ. 
* Lightface 
UBBEY3 
* Boldface German—d AB D 
Script (special font) ABC - - -(all). No lower case manufactured. 
*Hebrew—N SN 33 troublesome to handle. 
Dashed Italics—A Bb CcEeF fGg KkUmNaPp 
Tilda Italics—A a¢N G5 
*% Tilda Greek—a@é76 
Dashed Greek—a Bq 
* Dotted Greek— 4 (single dotted ¢ ¢ 6 B 7; double 
dotted y readily available). 


* Additional characters readily available at small cost. 
% Matrices for additional characters are made upon special orders and necessitate 
a delay of from four to eight weeks and average expense of $4.50 per matrix. 
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THE THIRTY-THIRD ANNUAL MEETING OF THE 
SOCIETY 


The thirty-third Annual Meeting of the American Mathe- 
matical Society was held at the University of Pennsylvania, 
from Tuesday to Thursday, December 28-30, 1926, inclusive, 
in conjunction with the meetings of the Mathematical Associ- 
ation of America and the American Association for the 
Advancement of Science. The mornings and afternoons of 
Tuesday and Wednesday were devoted to the regular 
scientific sessions of the Society; the morning sessions were 
in sections, on Tuesday (i) Applications and Analysis, and 
(ii) Geometry, and on Wednesday (i) Analysis and (ii) Point 
Sets and Geometry. The Gibbs Lecture was delivered on 
Tuesday afternoon. On Thursday morning a joint session 
of the two mathematical organizations and Section A of the 
American Association for the Advancement of Science was 
held. The joint dinner on Wednesday evening at the Aldine 
Hotel was attended by about one hundred seventy-five 
mathematicians and their friends; Professor E. V. Hunting- 
ton, Vice-President of Section A, presided. 

At the joint session on Thursday morning, it was voted 
to express to the University of Pennsylvania and its Depart- 
ment of Mathematics and also to the Drexel Institute and 
other inviting organizations the thanks of the Society for 
their hospitality during the meeting, the largest in the history 
of the Society. 

The attendance included the following two hundred four 
members of the Society: 

C. R. Adams, Archibald, Atchison, W. L. Ayres, R. W. Babcock, Bacon, 
Barney, F. W. Beal, A. A. Bennett, Benton, William James Berry, Bill, 
Birkhoff, G. A. Bliss, Blumberg, Bower, Bradshaw, Brasefield, B. H. 
Brown, H. S. Brown, Margaret Buchanan, R. W. Burgess, Caldwell, 
W. B. Campbell, Caris, Carlen, Chapelon, Clawson, Clutz, Coble, 
Abraham Cohen, Coleman, J. T. Colpitts, Comegys, Crane, Crawley, 


Currier, Curry, Curtiss, Dadourian, Daniells, J. E. Davis, Decker, 
Dederick, Dillingham, Dimick, Douglas, Edmondson, Eiesland, Eisenhart, 
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W. W. Elliott, Eshleman, H. B. Evans, Everett,. Feinler, Finkel, Fite, 
Focke, Foraker, W. B. Ford, C. H. Forsyth, Fort, M. C. Foster, Philip 
Franklin, Fry, C. A. Garabedian, Garretson, Gehman, D. C. Gillespie, 
Gleason, Glenn, Gravatt, C. C. Grove, Guggenbiihl, Hallett, Hancock, 
M. G. Haseman, Haskins, Hazlett, Hedlund, E. R. Hedrick, H. B. 
Hedrick, Archibald Henderson, Robert Henderson, Horton, Hosford, 
Huber, J. C. Hughes, Huntington, Hurwitz, F. K. Hyatt, Louis Ingold, 
Ingraham, Dunham Jackson, M. I. Johnson, R. A. Johnson, O. D. Kellogg, 
Knebelman, Kormes, Lambert, Lamond, Langer, Langford, Lefschetz, 
Lehr, Harry Levy, F. P. Lewis, Littauer, Locke, Logsdon, McGiffert, 
McMackin, MacColl, MacInnes, E. N. Martin, Mears, Meder, Miser, 
H. H. Mitchell, Molina, R. L. Moore, Richard Morris, Marston Morse, 
Murnaghan, F. H. Murray, Nassau, Neelley, Olds, F. W. Owens, H. B. 
Owens, B. C. Patterson, Paxton, Pehrson, Pepper, E. C. Phillips, Pierpont, 
Polley, R. G. Putnam, Ragsdale, Rau, Raynor, C. J. Rees, Reid, C. N. 
Reynolds, J. N. Rice, R. G. D. Richardson, H. L. Rietz, Ritt, E. D. Roe, 
Roever, Root, Rorer, Rowe, Rowland, Safford, Sakellariou, Seely, 
Seidlin, Shewhart, Shugert, Silverman, W. G. Simon, L. G. Simons, 
Slaught, Smail, A. W. Smith, W. M. Smith, Virgil Snyder, Starke, 
Stokes, Swartzel, Swift, Tamarkin, Thurston, Torrey, B. M. Turner, 
Tyler, Uhler, Vandiver, Veblen, Vivian, Waddell, G. W. Walker, J. L. 
Walsh, Wedderburn, Weida, V. H. Wells, A. P. Wheeler, A. M. Whelan, 
R. A. Whelan, Whited, Widder, C. E. Wilder, F. B. Williams, K. P, 
Williams, W.L.G. Williams, A. H. Wilson, E. W. Wilson, R. G. Wood, 
Wyant, Yeaton, J. W. Young, M. M. Young, Zippin. 


The Council elected the following sixteen persons to 
membership in the Society: 


Mr. Ross Harvey Bardell, University of South Dakota; 
Professor Stanley Eugene Brasefield, Rutgers University; 
Professor Ona Kenneth DeFoe, College of the Ozarks; 

Mr. Victor C. d’Unger, Little Rock, Arkansas; 

Mr. Aurelius Augustus Evans, Columbia University; 
Professor Hemphill Moffett Hosford, Southern Methodist University; 
Miss Olive Allan Kee, Teachers College, Boston; 

Mr. Eugene A. Kholodovsky, Columbia University; 

Mr. Edward Dennis McCarthy, Pennsylvania State College; 
Mr. Guerdon David Nichols, Colorado School of Mines; 

Miss Katharine Elizabeth O’Brien, College of New Rochelle; 
Mr. Thomas Howard Rawles, Yale University; 

Mr. George Wesley Riddle, Lehigh University; 

Mr. Homer Morgan Rutherford, Houston, Texas; 

Mr. Albert Edward Staniland, University of Pittsburgh; 
Professor William John Webber, University of Toronto. 


The following four persons were elected to membership 
as nominees of Allyn and Bacon: 
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Mr. H. V. Craig, University of Wisconsin; 

Mr. Lawrence Sanford Kennison, Brown University; 
Miss Rose Alice Whelan, Bryn Mawr College; 

Mr. Arthur Simeon Winsor, Johns Hopkins University. 


The following three persons were elected to membership as 
nominees of the National Life Insurance Company of the 


United States of America: 

Mr. George Cramer, University of Missouri; 

Miss Florence Marie Mears, Cornell University; 
Mr. Aubrey Henderson Smith, Brown University. 


As a nominee of the University of Pennsylvania was 
elected: 

Mr. Leo Zippin. 

The ordinary membership in the Society is now 1692, 
including 178 nominees of sustaining members and 82 life 
members. There are also 38 sustaining members. The total 
attendance of members at all meetings during the past year 
was 729; the number of papers read was 361. The number 
of members attending at least one meeting was 438. At the 
annual election 275 votes were cast. 

The reports of the Treasurer and of the auditors (Mr. S. A. 
Joffe and Professor H. W. Reddick) were received, showing 
a balance of $4214.93, exclusive of the balances in the 
Bulletin, Transactions, Colloquium and special funds, and 
in the life membership reserve. A vote of thanks was 
tendered Mr. Joffe for his splendid services extending over 
several years. 

The Society’s Endowment Fund now has securities of par 
value $64,000, yielding an annual income of $2975; sustaining 
membership fees for the year amounted to $5000. The 
amount received from sales of the Society’s publications was 
$4849.30. 

The Board of Trustees adopted a budget for 1927 showing 
expenditures and receipts as $31,898.56 and $29,473.56 
respectively. The deficit for the year can be met from the 
balance brought forward from 1926. 

The Librarian reported that the Library of the Society 
now contains 7239 volumes. A catalogue of the Library was 
printed and distributed early in 1926. 
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At the annual election, which closed on Tuesday afternoon, 
the following trustees and officers and other members of the 
Council were chosen: 

Board of Trustees, Professor W. B. Fite, Mr. Robert 
Henderson, Professors R. G. D. Richardson, Virgil Snyder, 
Oswald Veblen. 

President, Professor Virgil Snyder. 

Vice-President, Professor O. D. Kellogg. 

Assistant Secretary, Professor Arnold Dresden. 

Librarian, Professor R. C. Archibald. 

Member of the Editorial Committee of the Bulletin, Professor 
Arnold Dresden. 

Member of the Editorial Committee of the Transactions, 
Professor Edward Kasner. 

Members of the Council: for one year, Professor Daniel 
Buchanan; for three years, Professors A. A. Bennett, J. W. 
Glover, James Pierpont, H. S. Vandiver, G. E. Wahlin. 

The tellers appointed by President Birkhoff to count the 
ballots were Professors C. R. Adams and R. G. Putnam. 


The following appointments were reported: to represent 
the Society on the Sectional Committee on Standards for 
Graphic Presentation sponsored by the American Society of 
Mechanical Engineers, Professor W. H. Roever; to represent 
the Society at the American Mining Congress to be held in 
Washington, D. C., December 7-10, 1927, Mr. C. E. Van 
Orstrand, of the Geological Survey; as Committee on 
Arrangements for the Annual Meeting of 1927 in Nashville, 
Professors C. M. Sarratt (chairman), W. L. Miser, G. D. 
Evans, Archibald Henderson, Arnold Dresden, and R. G. C. 
Richardson; to represent the Society in collaboration with the 
History of Science Society, the American Physical Society, 
and the American Astronomical Society, in the celebration 
in New York City, during the coming spring, of the bicen- 
tenary of Newton’s death, Professors R. C. Archibald and 
E. W. Brown. 

An account of the agreement between the Society and the 
Johns Hopkins University regarding the conduct of the 
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American Journal of Mathematics appears on page 1 of 
the January-February issue of this Bulletin. 

At the meeting of the Council, Professor G. C. Evans was 
named to succeed Professor H. F. Blichfeldt as representative 
of the Society in the National Research Council. Professors 
Arnold Dresden and Tomlinson Fort were appointed to 
represent the Society on the Council of the American Asso- 
ciation for the Advancement of Science for the year 1927. 
As the Committee on the Award of the Frank Nelson Cole 
Prize, which will take place at the Annual Meeting of 1927, 
the following were appointed: Professors H. H. Mitchell 
(chairman), E. T. Bell, and H. F. Blichfeldt. 

At the request of Professor J. H. M. Wedderburn, the 
Society named three associate editors on the board of the 
Annals of Mathematics for a period of three years. These 
persons are: Professors D. C. Gillespie, W. L. Hart, and 
R. E. Langer. 

It was reported that the Committee on Colloquia had 
accepted for the Colloquium Series a book by Professor G. C. 
Evans entitled Potential Theory. 

It was reported that Professor Coble has accepted the 
invitation of the Council to give a colloquium lecture at the 
summer meeting of 1928 at Amherst, and that his subject 
is The space sextic of genus four. Professor R. L. Moore was 
invited to give a colloquium lecture at the Boulder meeting 
in the summer of 1929. 

The fourth Josiah Willard Gibbs Lecture was delivered 
on Tuesday afternoon by Dr. H. B. Williams, Dalton pro- 
fessor of Physiology at Columbia University. This lecture, 
which will appear in full in the May-June issue of this 
Bulletin, was entitled Mathematics and the biological sciences. 
The fifth Josiah Willard Gibbs Lecture will be given at 
Nashville in December, 1927. Professors Tomlinson Fort 
(chairman), O. D. Kellogg, and M. B. Porter were appointed 
to recommend to the Council a lecturer. 
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At the joint session of the Society, the Mathematical 
Association, and Section A, held on Thursday morning, the 
following papers were read: 

I. A mathematical critique of some physical theories, by 
Professor G. D. Birkhoff, retiring President of the Society. 
This paper appears in full in the present issue of this Bulletin. 

II. The weight field of force of the earth, by Professor W. H. 
Roever, retiring Vice-President of Section A. 

III. The duty of exposition (with special reference to the 
Cauchy-Heaviside expansion theorem), by Professor F. D. 
Murnaghan. (Address delivered at the request of the Mathe- 
matical Association of America.) 

An event of the highest significance was the award to 
President Birkhoff, for his retiring address, of the fourth 
American Association for the Advancement of Science Prize 
of one thousand dollars. This prize is awarded to some 
person presenting at the annual meeting a notable contri- 
bution to the advancement of science. It will be recalled 
that the first prize was awarded to Professor L. E. Dickson 
three years ago. 

Titles and abstracts of the papers read at the regular 
sessions of the Society follow below. On Tuesday morning, 
Professor J. H. M. Wedderburn presided over the Section of 
Applications and Analysis, relieved by Professor H. H. 
Mitchell, and Professor F. D. Murnaghan over the Section of 
Geometry; retiring President Birkhoff presided on Tuesday 
afternoon. Professor Marston Morse presided over the 
Section of Analysis on Wednesday morning, and Professor 
R. L. Moore over that of Point Sets and Algebra; President 
Virgil Snyder presided on Wednesday afternoon. Professor 
Sibert’s paper was communicated by Professor Hancock. 
The papers of Blumberg (first paper), B. H. Camp, C. C. 
Camp, Evans, Fort, Franklin (first paper), Glenn, Graustein, 
Hazlett (second paper), Hollcroft, Koopman, Pierpont (first 
paper), Schwatt, Vandiver (first paper), Wells, Widder 
(second and third papers), Wilder, and Zeldin were read by 
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title. Dr. Mandelbrojt was introduced by Professor Evans, 
and Professor Sibert by Professor Hancock. 


1. Professor C. H. Forsyth: The yield of a dividend paying 
venture. 

The author offers a solution of the oft occurring problem of finding the 
yield of property, bought at one price and sold at another, taking into 
consideration any regular dividend. Two rates of interest are used, in 
addition to the dividend rate, to give a direct solution, not an approximated 


result. The solution applies as well, of course, to deals in stocks and even in 
bonds. 


2. Professor J. R. Musselman: On the linear correlation 
ratio in the case of certain symmetrical frequency distributions. 


The author has extended the idea of a linear correlation ratio, which is 
of use when one of the characters is in broad categories, to the frequency 
surface, with linear regression, for which the ;’s in the case of both marginal 
totals are zero, and the #,’s are equal but arbitrary. This article has been 
accepted by Biometrika. 


3. Professor C. A. Garabedian: Correction of certain results 
on the flexure of a thick circular plate given by de Saint-Venant 
in the celebrated ‘Note finale du §45” of the translation of 
Clebsch. 


In this examination of de Saint-Venant’s note on a method for dealing 
with the flexure of a thick circular plate (1883), it is shown that all the 
solutions obtained are in error in so far as terms of the second order are 
concerned. The suppression of these terms would reduce the formulas 
to the thin plate solutions given by Poisson in the memoir of 1828. Although 
de Saint-Venant’s results were questioned by Karl Pearson in 1893 (History 
of the Theory of Elasticity, vol. 2, part 1), they continued to be accepted, 
and are still to be found in literature of the present day. By extension of 
methods of analysis developed in the original note, the present paper 
obtains the correct solutions, and thus removes certain contradictions that 
de Saint-Venant attempted to explain away by a physical argument. 


4. Professor C. R. Adams: On the series formally satisfying 
a difference equation whose characteristic equation has irregular 


roots. 

A root of the characteristic equation is said to be regular when it is 
simple, finite, and non-zero. In the present paper formal series are found 
for the linear difference equation of mth order with rational coefficients in 
all possible irregular cases subject only to the restriction that when a root 
is multiple a certain secondary condition is not satisfied. When multiple 
roots occur, the series are in general analogous to the anormal series of 
differential equations; i.e., to a root of multiplicity m there correspond in 
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general m series in 1/x/™, multiplied by suitable factors. These results 
extend considerably beyond those previously obtained in this field, 
which are limited to the case in which the only irregularity is one zero 
root (Horn, 1910) and to the irregular cases of a second-order equation 
(Batchelder, 1913). 


5. Professor C. R. Adams: Analytic solutions of the linear 
difference equation in the irregular case. 


The formal series found in the preceding paper are here made the 
basis for a study of the existence and properties of analytic solutions; 
the general method employed is that used by Birkhoff in the regular case. 
The coefficients being assumed rational, we show that in many cases there 
exist two sets of solutions each. In most of these cases we find that one 
solution from each set is meromorphic over the entire finite plane, and is 
asymptotically represented in a certain sector (>) by one of the formal 
series; the remaining n—1 solutions of each set are meromorphic in the 
portion of the plane above (or below) some parallel to the axis of reals and 
are represented asymptotically by the remaining m—1 formal series in the 
sector eXarg x (or —x+eXarg xX —e), being an arbitrarily small 
positive number. In certain cases, however, the situation is more like the 
regular case, in that there exist two full sets of solutions which are mero- 
morphic over the entire finite plane and asymptotically represented, in 
certain sectors, by the formal series. 


6. Professor R. E. Langer: Three theorems on closure of 
biorthogonal systems of functions. 


This paper has appeared in the January-February issue of this Bulletin. 


7. Professor R. E. Langer and Mrs. Eleanor P. Brown: 
On the theory of integral equations with discontinuous kernels. 


In an earlier paper by one of the authors, the theory of the integral 
equation u(x) =Af?K (x, £)u(é)dt, with a kernel which is discontinuous 
along =x, was developed. The present paper considers the case in which 
the kernel is continuous while a first partial derivative possesses a finite 
non-vanishing discontinuity along =x. Asin the earlier paper, the method 
used centers on a transformation of the given equation into an integro- 
differential system. It is proved under hypotheses of a general nature 
that there exist infinitely many characteristic values of the parameter \, 
and asymptotic expressions for these values and for the characteristic 
functions are obtained. The closure of the set of solutions is established, 
and the problem of the expansion of an arbitrary function in a series of 
solutions is discussed. 


8. Professors R. E. Langer and J. D. Tamarkin: On the 
theory of integral equations with discontinuous kernels. 


This paper deals with the integral equation u(x) =NfPK (x, £) u(é)dé, 
whose kernel K(x, £) possesses partial derivatives of order n, which are 


= 
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discontinuous along the line =x, while the kernel itself and its partial 
derivatives of order (n—1) are continuous. Under suitable restrictions of 
more or less general character, the existence of infinitely many characteristic 
values is established, and asymptotic expressions for these values and for 
the characteristic functions are found. A theorem on the expansion of an 
arbitrary function in a series of characteristic functions is proved. The 
method used is a combination of methods used by the authors individually 
in previous papers on integral and integro-differential equations. 


9. Professor J. D. Tamarkin: The notion of the Green’s 
function in the theory of integro-differential equations. Second 


paper. 

The subject of this paper is the integro-differential boundary problem 
++ p)u=f(x)+/PH(x, p)u(é)dt; Li(u) = 
0,7=1,2,---,m, where p;(x, p) is a polynomial in p of the ith degree and 
H(x, , p) is of the mth degree in p. The operators L;(u) are of the type 
involving integrals of u as well as the functional values at the end points. 
The case in which H(x, , p) is of the (n—1)th degree in p has been treated 
in an earlier paper by the author. The discussion in the present paper is 
based upon an elementary lemma of the theory of the Fredholm integral 
equation, which generalizes known properties of orthogonal kernels. All 
the results of the first paper concerning the existence and asymptotic 
expressions of characteristic values and the equiconvergence theorem are 
extended to the case in hand. The equiconvergence theorem is not valid 
unless the usual Birkhoff integral is replaced by a more complicated one. 


10. Dr. B. O. Koopman: On multiform integrals of differ- 
ential equations. Preliminary report. 


Consider the system of equations dx,/X1= - - -=dx,/Xv,, either in the 
real or the complex domain. The X’s are single-valued analytic functions 
of the x’s, nowhere all zero, in a certain region R. Suppose that the allied 
partial differential equation (1): X,(0f/dx:)+ - --+X,(df/dx,) =0 admits 
a system of integrals fi, - - - , fn1, each of which allows of indefinite analytic 
continuation throughout R, and suppose that at every point of R the f’s 
form an independent system. If we start froma point P with a given deter- 
mination of f;, +--+ , fx, and continue the functions analytically back to 
P along a loop [ which cannot be shrunk to a point in the region R, we 
shall obtain a second system of branches, f;’, - - - , fn’-1, in general distinct 
from the first. But since there can be no more than m—1 independent 
integrals of (1) at P, we shall have (2): fx’ =O:(fi, R=1,2,---, 
n—1. It isshown that we have here a single-valued analytic transformation 
(independent of T°) of the variables fi,--+- , fz, having a single-valued 
analytic inverse. Further, if T is followed a second time, the next deter- 
minations are given by iterating (2). But if a curve I’’ be used which 
cannot be deformed into T in R, we shall have a second transformation 
distinct from (2). In this paper, the idea of the transformation (2) is 
exploited, and applied to analysis, differential equations, and dynamics. 
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11. Dr. Harry Levy (National Research Fellow): On nets 
of Tchebycheff in Riemann space. 


The author shows that a necessary and sufficient condition that two 
space-filling congruences of curves have the property that each forms 
a system of parallels (in the sense of Levi-Civita) along the other is, first, 
that the two given congruences generate a space-filling family of surfaces, 
and, second, that they form nets of Tchebycheff on these surfaces. Further 
study is made of the case of p congruences of curves enjoying the above 
properties, and similar results are obtained. 


12. Professor F.D. Murnaghan: A wave-theory formulation 
of a geometry of paths. Preliminary communication. 


The particular geometry of paths known as Riemannian geometry 
is visualized by a corpuscular theory of light or matter, but the paths 
may also be regarded as the extremal curves for the action integral A = 
+pndq"—H dt in the state space of 2n+1 dimensions (p, q, t). 
The equations of the paths are a,,.x*=0, where a,, is the curl of the tensor 
(x1, Dn, O,--+ , O, —H). Riemannian geometry 
in the coordinate space of m dimensions (g) is secured when H is a homo- 
geneous quadratic function of the p’s. It is proposed to introduce a ge- 
ometry of paths in the m-dimensional coordinate space (g) by integrating 
the Hamiltonian equations dg/(@H/dp) =dp/(—0H/dq) =dt (H being an 
arbitrary function of g, p, #) and defining the paths by the equations 
q=q(q°, p°, t). By varying the initial values p° we get ~*~ paths through 
any point g°. It is well known that the Hamiltonian equations define a 
contact transformation, so that a point g® and the directions p® through 
it go over into the points g=q(qg°, p°, t) of a spread of n—1 dimensions 
(here ¢ is constant, as are the q®, and the ratios of the p® are the variables). 
This is the wave front which is to be the fundamental element of the 
proposed geometry, the paths being secondary. 


13. Professor T. R. Hollcroft: Conditions for singularities 
of algebraic curves. 

Conditions determining singularities of algebraic curves are either 
metric or projective. Metric conditions determine both the nature and 
position of a singularity, while projective conditions determine the nature 
only. Metric and projective conditions do not exist simultaneously for a 
given singularity. However, when a singularity is defined by metric 
conditions, the projective conditions that it would have if its position were 
not given must be considered as latent, since they appear if the singularity 
is projected to a general position. The number of projective conditions 
associated with a given singularity is the number of invariant relations 
among the coefficients of the equation of a curve of any order which are 
sufficient for the curve to have this singularity. In this paper, the various 
types of singularities of algebraic curves are built up and the number of 
projective conditions associated with each singularity is obtained consider- 


— 
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ing the curve first as a locus and second as an envelope. Finding the 
number of projective conditions on the class curve occasioned by a given 
singularity makes unnecessary the separate consideration of the singularity 
reciprocal to the one given. Limits are found for the number of certain 
singularities on curves of given order. 


14. Mr. J. H. Neelley: Compound singularities of the 
plane rational quartic curve. Second paper. 


This paper gives a classification of tacnodes and oscnodes, and theorems 
relating to the duality of these compound singularities. It also considers 
special quartic surfaces whose plane sections give all types of the plane 
rational quartic with compound singularities of all kinds. 


15. Professor M. C. Foster: Congruences of lines of special 
orientation relative to a surface of reference. 


Through every point M, of a surface S, consider a line / whose direction 
cosines a, 8, 7 relative to the moving trihedral at M are either special 
functions of the parameters u and v, or constant. This paper is concerned 
with a study of the properties of the rectilinear congruence formed by the 
lines / of this special orientation. 


16. Professor V. H. Wells: Systems of conics associated with 
loci in five-dimensional space. 


In this paper the author considers the set of all conics as a five-parameter 
system, and regards the six coefficients of the equation of such a conic as 
the homogeneous coordinates of a point in five-dimensional space S;, 
as suggested by Veblen and Young (Projective Geometry, vol. 2, p. 207). 
The conics of one-, two-, three-, and four-parameter systems are repre- 
sented in S; by points of S;, S2, S3, and S, respectively, where S, is a line, 
S2 a plane, etc. Sub-systems of an n-parameter system are represented by 
loci in the corresponding n-space. For example, in a two-parameter system, 
the sub-systems of degenerate conics and of conics through three points and 
tangent to one line are represented in S, by a cubic and a conic respec- 
tively. The two sub-systems have three degenerate conics in common. 


17. Professor F. A. Foraker: The nepolar reciprocal with 
respect to a central conic. 


The nepolar line of a point with respect to a central conic is defined to 
be that straight parallel to the polar line of the point which cuts the di- 
ameter through the given point in the point which is the neharmonic 
conjugate of the given point. The nepolar line of the point (41, ye, yz) 
with respect to the central conic 2b12%1%2+ 
+2baxsx1=0 is the line (diy: + x2 
+ (3191 + b32¥2+ (b33 —2A/E)y3)x3=0, where A and = have their usual 
meaning. The nepolar reciprocal of the point (1, ye, yz) with respect to 
the conic x;2+x*/—x?=0 is the line yixi1+yax2+ysx3=0. That of the 
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x2 + 33x37 24 2431X3%1 => 0 with 
x3? =0 is the conic f(m, ue, u3) =0. 


conic f(x1,X2,X3) =aux? 
respect to the conic x°+x? 


18. Dr. S. D. Zeldin: Contact transformations in intrinsic 
geometry. 

In this paper the author determines the element of arc, the lowest 
differential invariant, and the covariant coordinates for each of the follow- 
ing contact groups of the plane: Ge :[p, 2, xq+q’, 4x°q+xq’, 
+xyq+yq’, (xy + (9? — (yy’ — 


19. Professor F. W. Beal: Orthogonal systems of curves on 
surfaces. 

The fundamental equations are expressed in terms of a;, Bi, As, and 
w:, respectively, the first and second curvatures and the derivatives with 
respect to their parameters of the arcs of the curves of an orthogonal 
parametric system, and the angles the principal normals of these curves 
make with the normal to the surface. It is easily shown that if any pair 
except a; and a», \; and ae, or Az and @ are given functions of the paramet- 
ers, the general existence theorems apply. In the exceptional cases, the 
quantities are assumed to be functions of other quantities, and, when 
desired, of certain derivatives. For example, to show that the parameters 
u=c and v=c may be congruent helices, it is desirable to let dw:/du and 
8a./dv occur. In certain cases solutions unique to within allowable 
transformations of parameters are found. 


20. Professor W. C. Graustein: On the determination of the 
linear element of a Riemannian V,, from the Christoffel symbols of 
the second kind. 

The author establishes the following theorem for the case n =2: There 
exists a positive definite quadratic form ga:dx*dx’, which has prescribed 
values for the Christoffel symbols {.%} of the second kind if, and only if, 
{2%} and the Ricci tensor Ra», formed from {,%}, are symmetric in a and 
b, RuR»—Rw?>0, and the covariant derivative, R.»,-, taken with respect 
to {.%}, is the product of R.» and a tensor of the first order: Ra,-=X Ras; 
the linear element can then be found by quadratures. Generalizations 
of the theorem to the case m =n are given for spaces of constant curvature 
and, more generally, for Einstein spaces. 


21. Professor Dunham Jackson: Some non-linear problems 
of approximation. 

This paper presents theorems of convergence, of which the following is 
illustrative. Let f(x) be a given positive function of period 27 having a 
continuous derivative. Among all trigonometric sums of the mth order, 
let T,,(x) be one which minimizes the integral of { f(x) — [T..(x)]}?, extended 


i 
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over a period. Then [7,,(x)]? converges uniformly toward f(x) as n becomes 
infinite. A corresponding theorem is obtained if [T,(x)]? is replaced 
by [T,(x)]”2. The proofs involve a generalization of Bernstein’s theorem 
on the derivative of a trigonometric sum. 


22. Professor F. D. Murnaghan: On Whittaker’s method 
for the numerical solution of integral equations. 


Whittaker has given (Proceedings of the Royal Society, 1918) a method 
for the numerical solution of integral equations of Volterra’s type based 
on the approximation to the kernel, which is assumed to be a function of 
the difference of its arguments, by a sum of m exponential functions of 
this difference, or by a polynomial in this difference. It is shown in the 
present paper that the problem is equivalent to the solution of an ordinary 
linear differential equation of order mn with constant coefficients, and 
Whittaker’s formulas follow at once. The Fredholm equation is treated 
similarly, when the kernel is a function of the difference of its arguments. 


23. Professor R. L. Moore: Abstract sets and the founda- 
tions of analysis situs. 


Axioms 1, 2, and 4 and Theorem 4 of the author’s Foundations of plane 
analysis situs hold true in euclidean space of any finite number of dimen- 
sions. But Axiom 4 does not hold true in a Hilbert space or a space Ey, 
and Axiom 1 does not hold in the non-separable space D,. Axiom 2, 
Theorem 4, and Axiom 1’ stated below hold true in all these spaces, and 
form a basis for a considerable body of theorems, in particular, Theorems 
1-10, and 15, of the paper cited above. Axiom 1’: There exists a countable 
sequence G;, G2, G3, « - - such that (a) for each 1, G, is a collection of regions 
covering space, (b) if P; and P:2 are distinct points of a region R, there 
exists an integer 6 such that if m>6 and K,, is a region containing P; and 
belonging to G,, then K,,’ is a subset of R—P2, (c) if Ri, Ro, R3,-++ isa 
sequence of regions such that, for each n, R,, belongs to G, and such that, 
for each n, Ri, Ro,--- , R, have a point in common, then there exists a 
point common to all the point sets Ri’, Rf, RZ,---. 


24. Professor L. L. Smail: A simplified derivation of the 
fundamental properties of double sequences. 


In Pringsheim’s classical paper on double sequences and series in 
Mathematische Annalen, vol. 53, reprinted with slight modifications in his 
Vorlesungen iiber Zahlen- und Funktionenlehre, and also*in London’s paper 
on the same subject in Mathematische Annalen, vol. 53, the derivation of 
many of the fundamental properties of double sequences is based on a 
study of the simple sequences contained in the double sequence. By 
methods explained in the present paper, based on the use of the double 
sequence only, these fundamental properties may be obtained in a very 
much simpler way, by use of argumerts analogous to those used recently 
for simple sequences by several writers on the subject of infinite processes. 
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25. Professor W. W. Elliott: Generalized Green’s functions 
for compatible differential systems. 


The theory of Green’s functions for incompatible differential systems 
which consist of a linear differential equation of the mth order and n 
linearly independent boundary conditions involving values of the function 
and its n—1 derivatives at the two end points of a given interval is well 
known. The existence of generalized Green’s functions for certain special 
types of compatible differential systems has also been shown. In this 
paper it is shown that the generalized Green’s functions for general com- 
patible systems exist, and their characteristic properties and some appli- 
cations are discussed. 


26. Professor L. L. Silverman: On the omission of terms 
in certain summable series. 


It is well known that a definition of summability does not in general 
permit the dropping of a term in a series. In the present paper, a sufficient 
condition is obtained for the permissibility of droppi1g a term in the case 
of a certain class of definitions of summability. This result contains as 
special cases the results previously obtained by Hurwitz and Silverman, 
Transactions of this Society, vol. 18 (1917), and by Knopp, Mathe- 
matische Zeitschrift, vol. 15 (1922). 


27. Professor H. W. Sibert: A new type of singular solution 
of differential equations of the first order. 


The differential equation of the first order and mth degree W(x, y, p) 
=A op"+Aip™ --- +Anip+A,=0, where the A’s are integral func- 
tions in x and y, may be written V(x, y, p) =(p—6;)? [A op" ?+ 
p+Brul+Ri, where 0(i=1, 2,--- , n—1) is any root 
of VW,’ (x, y, p)=0. It m2y be shown that the p-discriminant D,(x, y) 
=CA W(x, y, 6:) = CA Ry, and hence any function of 
x and y which satisfies ] Ri =O and A --- 
is a singular solution ‘of W(x, y, p) =0 and is not an envelope. 


28. Professor H. M. Hosford: On the summability of 
Fourier-Bessel and Dini expansions. 


The object of this paper is to investigate what conditions may be placed 
upon a function ¢,(w) such that the Fourier-Bessel series and the Dini 
series associated with f(t) will be summable by the following method. If 
the Fourier-Bessel [Dini] series will be said to be summable (¢), and 
this limit is taken as the sum (¢) of the series. A method of summa- 
bility (¢) similar to the method (¢) is given where less stringent restrictions 
are placed on the function ¢,(w) and more stringent restrictions on f(t). 
The summability theory of both methods is extended to the multiple 
Fourier-Bessel series and the multiple Dini series. The uniformity of 
summability by both methods is shown under the appropriate conditions 
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of continuity on the function f(t). The method used is essentially a gener- 
alization to summability of a method due to Birkhoff for convergence, 
the tools being Green’s function and contour integration. 


29. Dr. D. V. Widder (National Research Fellow): A zen- 
eralization of Taylor’s series. 


The series discussed in this paper arises from a particular phase of the 
problem of the representation of an arbitrary function f(x) in terms of 
linear combinations of prescribed functions. The function of approxima- 
tion s,(x) of order m is defined as that linear combination of the first 
(n+1) of the prescribed functions which has closest contact with f(x) at 
a given point x=f. The series so(x)+)_, <1 [Sn(x) —Sn1(x)] is then a 
generalization of Taylor’s series to which it reduces if the prescribed 
functions are 1, x, x?,---. Conditions for the convergence of the series 
are discussed. It is found that under certain rather general conditions any 
analytic function can be expanded in such a series. Examples are given to 
show that sequences exist possessing the properties imposed. 


30. Dr. D. V. Widder (National Research Fellow): On 
the interpolatory properties of a linear combination of con- 
tinuous functions. 


In his treatment of the mean-value theorems belonging to a linear 
differential equation, G. Pélya obtained a condition on a set of functions 
uo(x), u(x), , which insured that any linear combination of them 
should enjoy the most important interpolatory properties of a polynomial 
of degree n. The condition imposed presupposes that the functions 1;(x) 
possess continuous derivatives of order n. The author obtains an analo- 
gous condition, which presupposes only the continuity of u;(x). 


31. Dr. D. V. Widder (National Research Fellow): Note 
on Tchebycheff approximation. 


Application is made of the results of the preceding paper to the problem 
of Tchebycheff approximation. It is found that the condition there imposed 
on the functions uo(x), , un(x) is necessary and sufficient that 
there exist a unique function of approximation in the sense of Tchebycheff 
to a given continuous function f(x). 


32. Dr. Jesse Douglas (National Research Fellow): Re- 
duction of the problem of Plateau to an integral equation. 


In this paper the problem of Plateau is formulated so as to require not 
only a regular simply connected segment M of a minimal surface, bounded 
by a prescribed contour I’, but also a conformal representation of M on a 
half-plane. IT being defined by the equations x =x(t), y=y(t), z=2(t), the 
problem is made to depend on the integral equation (1): /p(K(t, 7)/(¢(z) 
—¢(t) ) )dr =0, where K(t, 7) =Sx’(t)x’(r), S denoting summation over 
x,y, z. This equation is to be solved with a continuous function ¢ which 
takes each real value, including the (signless) infinite value, once and 


= 
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only once on TI, and which is in general differentiable. The integrand 
in (1) thus becomes infinite when and only when r=t. The 
integral is to be taken in its principal value. The function ¢ found, it 
remains simply to solve three Dirichlet problems for the half-plane, 
one for each of the coordinates x, y, z. This is effected by means of the 
definite integral corresponding to Poisson’s integral for a circular domain. 
In the important special case where T is a skew polygon, (1) can be 
replaced by a certain linear (singular) integral equation. 


33. Professor G. D. Birkhoff: Stability and the equations of 
dynamics. 


After earlier researches by Laplace, Poisson, and others, on the stability 
of the solar system, Poincaré proved the complete formal stability of any 
system leading to equations of Hamiltonian canonical form. (See his 
Méthodes Nouvelles de la Mécanique Céleste, vol. 2.) The inverse question 
of the characterization of the differential equations for which such formal 
stability holds is taken up in the present paper. (See a note by G. D. 
Birkhoff, Comptes Rendus, August 30, 1926.) It is shown that such formai 
stability is possible if and only if the differential equation results from a 
Pfaffian variational principle aft Pidxj+ +--+ dt} =0, which 
can also be transformed into the Hamiltonian form 6f/'{nd&i+--- 
dt} =O (n=2m), by a proper choice of formal variables 
£;, m. It is shown that a necessary and sufficient condition that the formal 
series used in the transformation be convergent is that for a proper selec- 
tion of the variables x1, - - - , xn, the differential form Pidx,+ --- +Prdx, 
becomes an exact differential when half of the variables are annulled. 
To a certain extent, then, it appears that the property of formal stability 
alone ensures Pfaffian or Hamiltonian form, and thus constitutes their 
only characteristic property; also, the Pfaffian form has the advantage 
of being maintained under the most general point transformation of 
dependent variables. These results will appear in the author’s Chicago 
Colloquium lectures on Dynamical Systems, soon to appear in book form. 


34. Professor Elijah Swift: Canonical forms for ordinary 
linear differential equations of the second order with periodic 
coefficients. 

This paper considers the ordinary linear differential equation of the 
second order y’’+p(x)y’+q(x) =0, where p and g are periodic functions 
of x, and the two groups of transformations y=)(x)j, x=y¥(Z), where 
x and y are the original variables and Z and § the transformed variables, 
and where \ and y are such functions that the coefficients of the trans- 
formed equation are periodic with the same period as those of the original 
equation. By using transformations of the two groups mentioned the 
equation may be reduced to one of a few canonical forms. If we classify 
differential equations of the above type using the roots of a certain (alge- 
braic) quadratic equation, we find for the equations of one class that 
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the invariants are the ratio of these roots, the number of zeros of a cer- 
tain solution of our differential equation in a certain interval, and, in some 
cases the sign of a Wronskian determinant. Any two differential equations 
with the same invariants may be transformed the one into the other. 


35. Dr. C. C. Camp: An expansion associated with a 
partial differential equation. 


The convergence proof for a development in terms of the most general 
solutions of =0 and the boundary conditions 
Uleg—a—xr=U)|zj-xr, 1=1, 2,--+, p, can be effected by an extension of 
Birkhoff’s contour method provided the number of parameters be changed 
from 1 to p. (It is believed that in general this number of parameters is 
essential to the convergence proof when partial differential equations are 
involved.) These parameters enter naturally for solutions of the form 
The more general solution can then 
be handled with similar Green’s functions. Choose =DH+ _1a;(x;), 
k=DK+ where D= >. and take a;(x;) either >0 
or =0, but some a;>0; then if H, K and¢ satisfy the boundary conditions, 
the expansion of f of the usual sort in the form } c*u* converges for any 
interior point to the mean value. The multiple series is to be summed in 
such a way as to make the transformed principal parameter values togetiier 
with their sum become infinite. 


36. Professor G. C. Evans: Logarithmic potential and 
convergence in the mean of order less than one. 


The author proves that if u(r, 0) is given by a Poisson-Stieltjes integral 
it converges in the mean, as r approaches the boundary radius, of all orders 
less than one. The theorem rests on theorems on convergence in the mean, 
of order less than one, e.g., if f(x), not negative, is convergent in the 
mean of order v, a subsequence from f,,(x) converges to a function f(x) 
whose vth power is summable, and this f(x) is the only function such that 
the integral of |f—f,,! to the power » has the limit zero. The converse 
statement is obvious. Finally, if f,,(x), not negative, approaches zero 
almost everywhere, and fails to converge in the mean, of order v, then 
there will be a subsequence of these functions the integral of whose «th 
powers will become infinite, if «>v. 


37. Dr. S. Mandelbrojt: On the behavior of functions 
developah'e in Dirichlet series. 


The thor considers the conditions on functions represented by 
Dirichlet series f(s) = s=o+it, necessary and sufficient for 
absolute convergence. Such conditions show that the functions so develop- 
able form a very special class, possessing, if the coefficients are real, a 
certain symmetry in the distribution of values for the line g=o’. Let R 
be the upper bound of | f(s) | on s=o’. The measures of the sets of points 
on o =o’ where f(s) takes on values near given values e**R and e*@t™R, 
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respectively, differ asymptotically little. More precise formulas are given, 
in the direction of earlier results stated in the Comptes Rendus, August 2, 
1926, which hold only when \,, takes the form log p,, p, being the mth prime. 


38. Professor Tomlinson Fort: An elementary proof by 
mathematical induction of the equivalence of the Cesdro and 
Hilder sum formulas. 


The author gives an explicit formula for the Cesaro sum to in terms of 
the Hélder sum to n, and vice versa. These formulas are readily proved 
by mathematical induction, and from them, in case of the existence of one 
limit, the existence and equality of the other follows almost by inspection. 


39. Mr. Mark Kormes: Concerning a property of nowhere 
dense, perfect sets. 


In this note the following theorem is proved: Given a perfect, nowhere 
dense, linear set and let P be its kernel of equal measure. The set of 
points R, where the density is undetermined, is of the second category with 
respect to P. 


40. Professor R. G. Putnam: On elements of accumulation 
and neighborhoods in the theory of abstract sets. 


This paper compares the neighborhood conditions resulting from the 
four conditions of F. Riesz and also a fifth condition with the Hausdorff 
neighborhood axioms. It is shown in particular, if the four Riesz conditions 
are satisfied, that corresponding to any pair of distinct elements of the 
class there exists at least one pair of disjoint neighborhoods. 


41. Professor Henry Blumberg: On the generalization of 
the theorem that a perfect set has the cardinal number c. 


An extension of this theorem concerning sets of points to sets of sets 
may be made by means of the notion of distance between sets (Hausdorff’s 
“Entfernung”’) or, in case of components of a compact closed set, by 
means of the notion of p-connectedness. The latter method exhibits the 
theorem in question and R. L. Moore’s extension of it (Proceedings of 
the National Academy, May, 1924), as derivable from a common source. 


42. Professor Henry Blumberg: A theorem on arbitrary 
real functions of two variables with an application to derivatives. 


Let f(x, y) be any real function of two variables defined for the entire 
xy-plane, and / any straight line of this plane. By the interval of approach 
I pg we understand the interval (i, s) where 7 is lim inf f(x, y) as (x, y) 
approaches the point P (of /) along the direction d, and s equals the cor- 
responding lim sup. If now dg is any fixed direction, there exists an enum- 
erable set Eg, such that if P is any point of / not in Eq), then all the intervals 
of approach J pg, for all possible directions from the same side of / as that 
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of do, overlap, or at least abut, I pay. If {dn} is a sequerice of directions of 
approach, all from one and the same side of /, there exists an enumer- 
able set E{a,} such that if P is any point of / not in E,g,}, then not only 
do the intervals J pg, all mutually overlap or abut, but every I pg where d 
is arbitrary but from the same side of / as the d,, overlaps or abuts every 
I pa. Asa particular application to functions of one variable, we have 
the familiar result that D+>D_ except at most at No points. 


43. Professor Henry Blumberg: Note concerning closed sets. 


The proof that certain point sets, like the derived set, the set of con- 
densation points, or the set of points of inexhaustibility, are closed is 
simple enough as usually presented, but a separate effort of thought is 
expected in every new case. It is true, however, that if a point set S is 
defined as the aggregate of points every neighborhood of which has a 
given neighborhood property, then S is closed; and conversely, every 
closed set is definable as the set of points every neighborhood of which 
has a certain neighborhood property. This fact makes obvious, from the 
definition of the above-mentioned or similar sets, that they are closed. 


44. Professor R. L. Wilder: Proof of the non-existence of a 
certain type of regular point set. 


The author has shown in another connection that a regular connected 
point set which contains more than one point and possesses the property 
of remaining connected upon the omission of any connected subset is a 
simple closed curve. Hence there does not exist an unbounded regular 
connected set which has this property. The present paper takes up the 
case of an unbounded regular connected point set which remains connected 
upon the omission of any bounded connected subset. It is shown that such 
a set does not exist. For the more special case of closed sets, this was 
proved by J. R. Kline (Fundamenta Mathematicae, vol. 5 (1924), 
pp. 3-10). 


45. Dr. H. M. Gehman: Note on Schoenflies’ definition of 


a continuous curve. 


According to Schoenflies’ definition, in order that a bounded continuum 
be a continuous curve, it is necessary and sufficient that the remainder of 
space have certain properties. R. L. Moore has shown that these properties 
are neither necessary nor sufficient if the space be of more than two dimen- 
sions. In this paper, it is shown that Schoenflies’ properties are necessary, 
but not sufficient, if the space be itself a continuous curve in the plane. 


46. Professor H. S. Vandiver: Transformations of the 
Kummer criteria in connection with Fermat’s last theorem. 
Second paper. 


This paper continues the investigations of the author’s first paper with 
this title (Annals of Mathematics, (2), vol. 27 (1926), pp. 171-176), and 
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transformations are obtained which will be used later in the derivation of 
the criteria m?~'=1(mod p*) for small values of m, with respect to the first 
case of Fermat's last theorem. 


47. Professor Olive C. Hazlett: On the composition of 
polynomials. 


This paper considers the problem of the determination of all homogene- 
ous polynomials f(x) in variables, x1, x2, - - - , Xn, such that f(x)f(£) =f(X), 
where the \’s are bilinear in the x’s and é’s. If the field of definition is the 
field of complex numbers, then it appears that there is no such f(x) which is 
irreducible of degree n. Denote by A(x) and A’(x) the first and second deter- 
minants of the general number x - - - +x,e, of the linear algebra 
defined by the composition. If f(x) cannot be expressed in less than n 
variables, then the irreducible factors of f(x) coincide with the irreducible 
factors of A(x) and A’(x). From this theorem are proved some general 
properties of homogeneous polynomials that admit a composition. 


48. Professor Olive C. Hazlett: Note on formal modular 
invariants. 

This paper gives a second proof of the finiteness theorem for formal 
modular invariants and covariants of a system of binary forms with 
respect to the Galois field GF [p"], of order p". 

49. Professor Olive C. Hazlett: Ideals for any linear 
associative algebra. 

This paper defines an ideal for a general linear associative algebra A 
of order n over the field of rational numbers as a set of numbers belonging 
to an arithmetic of A which is closed under addition and subtraction and 
under multiplication (on right or left or both) by any integer of this 
arithmetic. Then it is proved that, for a semi-simple algebra, every ideal 
has a finite basis of order nm and that if A is the direct sum of two algebras 
B and C then we know the ideals of A as soon as we know those of B and 
C and conversely. Moreover, a knowledge of the factorization of the ideals 
of A is equivalent to a knowledge of the factorization of the ideals of B and 
of C, and thus the study of ideals of a semi-simple algebra is reduced to 
that of simple algebras. Likewise, a study of ideals of a simple algebra is 
reduced to that for a division algebra. By using a generalization of Kron- 
ecker’s fundamental theorem, it is proved that if a0 is any ideal of a 
division algebra, then there exists an ideal 8 such that ef is a principal 
scalar ideal (gq) and such that Ba =(q), which we call the norm of a. From 
this theorem flow the theorems about the uniqueness of factorization into 
prime ideals, which are closely analogous to those for the ideals defined for 


an algebraic field. 
50. Professor James Pierpont: A generalization of the 
secular equation. 


This paper will appear in full in an early issue of this Bulletin. 
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51. Professor Harris Hancock: An extremely simple proof 
of a fundamental theorem in ideals. 


In the Dedekind theory of moduls, it is shown that if a and 6 are any 
two integral moduls and if a is contained in b (written a>b), then a/b =i, 
where i is an integral modul. If the discussion has to do with integral ideals, 
which are a special kind of modul, and if T is any algebraic integer that is 
divisible by the ideal a, then OT/a=b, where 6 is an integral ideal, and 
where © is the order-modul (‘“Ordnung”’ or “‘Art’’) as defined and used by 
Dedekind. It followsthat ab =a(OT/a) =(a/a)OT=OOT=OT. Thatis, 
associated with every ideal a there is another integral ideal b of the same 
realm such that the product ab is a principal ideal. With this it is proved 
(see Bachmann, Allgemeine Arithmetik der Zahlenkérper, p. 168) that if i 
is contained in a, then i=agq, where g is an integral ideal. 


52. Professor Philip Franklin: A theorem of Frobenius on 


quadratic forms. 

For a regularly arranged quadratic form, i.e., one in which no two 
consecutive principal minors vanish, the signature of the form may be 
determined from the signs of these minors. In certain cases where con- 
secutive minors vanish, the result still holds, as Frobenius has shown. 
In this paper a simplified proof of this result is given. 


53. Professor O. E. Glenn: A list of differential combinants. 


Combinants of pairs of binary differential quantics are expressions in 
certain determinants whose elements are derivatives. In this paper, thirty 
cases for forms of low orders are tabulated in Maschke’s symbolic notation, 
some being expressed also in the actual form. 


54. Professor Harris Hancock: Equivalent (quadratic) 
ideals have similar lattice points. 


The proof for the general realm R(m'/2) is the same as that for a particu- 
lar realm, which for convenience is taken as (7 51/2). The canonical form 
of ideals of this realm is i=(a, +7 5/2), where a and bare rational integers 
and a>b. (Sommer, Vorlesungen tiber Zahlentheorie, pp. 207 ff.) If i is 
equivalent to i: =(A, B+i 51/2), A, B<A rational integers, then there 
exist two algebraic integers a=c+i 5? d and a,=C-+i 51/2 D, a, b, C, D 
rational integers, such that (2)i=(a)i:. This relation gives, if 

i=ax+by+i y, and t=AX+BY-+i 51? Y, 

the following equations: 

cax+(ch—5d)y=CAX+(CB—5D)Y, dax+(bd+c)y=DAX+(BD+C)Y. 
From these two equations, express x and y in terms of X and Y. Due to 
the fact that N(x) N(i) =N(x)N(i), it is seen that the determinant of 
the two expressions for x and y is unity. Reversing the process, and inter- 
changing capitals and small letters, it is seen that the determinant for 
the corresponding expressions for X and Y is unity. 


= 
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55. Professor I. J. Schwatt: The sum of certain types of 
Fourier series. 


The author has developed methods by which the sum of types of 
Fourier series like +1)""(sin?(b+n6) )/(a+nh), and 
(sin?(b+n8@) )/(a+nh), can be obtained. The methOds and the 
results are believed to be new. 


56. Professor J. L. Walsh: On the expansion of a harmonic 
function in terms of harmonic polynomials. 


A necessary and sufficient condition that a finite region R of the plane 
have the property that every function harmonic interior to R and con- 
tinuous in the corresponding closed region be uniformly expansible in this 
closed region in a series of harmonic polynomials is that the boundary of 
R be likewise the boundary of an infinite region. 


57. Professor C. N. Reynolds: On the problem of coloring 
maps in four colors. Second paper. 

This paper is a continuation of the author’s earlier paper on this subject 
(Annals of Mathematics, (2), vol. 28, pp. 1-15), in which he developed 
analytically some of the implications of the known theorems concerning 
irreducible maps, i.e., maps of simply connected closed surfaces which, 
while requiring five colors, have as few regions as any other map requiring 
five colors. In the present paper the author applies to the non-pentagons 
of an irreducible map the methods which he previously applied to the 
pentagons of such a map. Corresponding to the proposition that an 
irreducible map must contain at least one pentagon in contact with at 
least two regions of fewer than seven sides each (proved by Franklin) 
there follows, as a corollary of a theorem of this paper, the existence, in an 
irreducible map, of at least twelve pentagons of this type. Other known 
propositions are strengthened and new propositions established. 


58. Professor Marston Morse: The type number and rank 
of a closed extremal and a consequent theory in the large. 


In the ordinary regular form of the calculus of variations theory, 
let there be given a periodic extremal g. Let g be cut across by m arcs which, 
taken in circular order, are set nearer together than any two successive 
conjugate points on g. Let a closed broken extremal be formed with 
successive vertices on these successive arcs. The value of the given integral 
taken along this broken extremal wili be a function, say f, of the m distances 
of the m vertices from a given side of g. The author shows that the matrix 
a of the symmetric quadratic form Q making up the terms of the second 
order of f will be of rank n, n—1, or n—2, respectively, according as the 
Jacobi differential equation set up for g has (i) no non-zero periodic solution, 
(ii) a one-parameter family of periodic solutions and no more, or (iii) only 
periodic solutions. The author means by the ‘“‘type number of g” the “index 
of inertia’ of —Q, and this number is determined in terms of the number of 
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successive conjugate points of g and another invariant. These results, 
in the small, taken with the author’s “relations between critical points,” 
lead to a theory in the large. 


59. Dr. C. H. Langford: Theorems on deducibility. Second 
paper. 


Questions of deducibility arise especially in connection with sets of 
defining properties for types of order. A set of properties p, - - - , s may be 
related to a property g in such a way that g follows from , - - - , s jointly, 
or in such a way that q is false follows from p, -- - , s jointly, or in such a 
way that neither g nor gq is false follows from p,--- , s; and similarly, a 
class of properties Q may be such that if g be any one of these properties, 
then either g or g is false follows from p, - - - , s, or Q may be such that for 
at least one property neither that property nor its contradictory follows 
from p,---,s. This paper is concerned with Q as the class of all first- 
order functions on the base K, Re, and with p,--- , s asa set of defining 
properties for discrete series with a first but no last element and with but 
one element having no immediate predecessor. For any first-order func- 
tion g on K, R2, g follows from the set or q is false follows from the set. 


60. Professor Philip Franklin: The canonical form of one- 
parameter groups. 


The author deals with a single Lie one-parameter group, and uses the 
canonical form to find the nth extended group, and the differential equation 
of the mth order invariant under the group. This method leads to the tables 
of known classes of solvable groups much more directly than the methods 
customarily used. Second-order equations invariant under two groups are 
next considered. It is shown that a pair of infinitesimal transformations 
can not always be reduced to canonical form by quadratures (contradicting 
Theorem 3, Annals of Mathematics, (2), vol. 25, p. 363) but that if we know 
a differential equation of the second order which is invariant under them, 
we can so reduce them by quadratures. This explains an apparent paradox 
in Lie-Scheffers, Differentialgleichungen, pp. 424-457. 


61. Professor B. H. Camp: Note on the correlation between 
two frequencies. 

A well known theorem in the theory of sampling gives the coefficient 
of correlation between the frequencies with which two given variables will 
occur in a sample as 7;; = where pj =1—q;:, and p;=1—q; 
are the relative frequencies with which these variables are found in the 
infinite universe from which the sample is drawn. Pearson’s proof (Biomet- 
rika, vol. 2 (1902-03), pp. 273-81) makes an explicit assumption which, 
though seemingly reasonable and actually correct, can as well be avoided, 
and then subsequently derived asa corollary if the method of proof is based 
on the equation of the frequency surface to which this coefficient of correla- 
tion applies. This surface has certain other interesting characteristics. 
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62. Professor James Pierpont: Optics in hyperbolic space. 

The author treats some of the more elementary problems, assuming 
the rays of light to obey Fermat’s law 5f/nds =0. Reflection and refraction 
on plane and spherical surfaces and in prisms are treated. It is shown 
that the theory of central optical collineation, so useful in euclidean space, 
does not hold. Finally, Bouguer’s theorem is extended to this space. 
The method employed applies also to elliptic space. In a second paper 
some of the more advanced parts of optics will be discussed. 


63. Professor H. S. Vandiver: Applications of algebraic 
number theory to congruences involving binomial coefficients. 

In this paper the theory of power characters in an algebraic field is 
used to obtain new theorems concerning congruences involving binomial 
coefficients, including the following result: If p and / are odd primes; 
p belongs to the even exponent f modulo /; pf — 1 =cl, then 


is divisible by p for i=0, 1, - - - ,/—1, with the exception of i=k, where k 
is the least positive residue of c/2, modulo /, and for 7=k is congruent to 1, 
modulo p. 


64. Professor H. F. MacNeish: Theorems concerning 
spheres associated with a tetrahedron generalized to space of n 
dimensions. 

For any tetrahedron A;A2A 3A, there is an inscribed sphere with center 
O, four escribed spheres with centers 0,0,0;04, and three exscribed spheres 
tangent to the four faces externally with centers Oj2, Oi3, O14. We have the 
following theorems. Theorem I: The linear polar planes of O, O;2, O13, and 
to the given tetrahedron and as to the tetrahedron 0,0.0;0, coincide, 
and the three points of the set O, Oi, O:3, O14 not chosen as the pole are 
the vertices of the diagonal triangle of the complete quadrilateral section 
of the two tetrahedrons in the linear polar plane. Theorem II: The three 
tetrahedrons A;A2A3A4, 0,020304, and are perspective in pairs 
in four ways from the vertices of the third tetrahedron. Theorem I is 
generalized to space of odd dimension 2n+1. 


65. Professor J. F. Ritt and Mr. Eli Gourin: An as- 
semblage-theoretic proof of the existence of transcendentally 
transcendental functiens. 

Th‘s paper appears in full in the present issue of this Bulletin. 

R. G. D. RICHARDSON, 
Secretary. 


= 


1927.] WESTERN CHRISTMAS MEETING 153 


THE WESTERN CHRISTMAS MEETING OF THE 
SOCIETY AT CHICAGO 


The twenty-sixth Western meeting of the Society was held 
at the University of Chicago on Friday, December 31, 1926. 
It throws an interesting light upon the growth of the Society 
that, in spite of the strong attractive power of the meeting 
in Philadelphia, the attendance at this meeting ran up to 
about 75, among whom were the following 54 members of 
the Society, a number which would have been counted large 
for a meeting ten or twelve years ago: 

Frank Ayres, R. W. Babcock, Barnett, Ethelwynn R. Beckwith, 
Brenke, Clack, H. T. Davis, Dickson, Dresden, Edington, H. P. Evans, 
Feltges, Frink, Garver, Georges, G. H. Graves, L. M. Graves, Griffiths, 
V. G. Grove, Harshbarger, Hickson, Hildebrandt, Hillard, Hodge, Rosa L. 
Jackson, LaPaz, Logsdon, W. D. MacMillan, March, William Marshall, 
Marquis, Mirick, E. H. Moore, E. J. Moulton, A. L. Nelson, Newson, 
Nyswander, Pettit, Rainich, Roos, Roth, Schottenfels, Sheffer, Shohat, 
Simmons, Skinner, J. H. Taylor, E. L. Thompson, J. S. Turner, Van Vleck, 
Wait, G. T. Whyburn, John Williamson, F. E. Wood. 

It was agreed to hold the spring meeting in Chicago on 
April 15 and 16, 1927. At that meeting Professor Chittenden 
of the University of Iowa will give the symposium lecture 
on Some phases of general topology. 

The following thirty papers were read at the two sessions 
on Friday. The first session was presided over by Professor 
Dickson, relieved by Professor Hildebrandt; the afternoon 
session was presided over by Professor Van Vleck. Mr. 
Sheffer, Dr. Trjitzinsky, and Professor Uspensky were intro- 
duced to the Society by Professor Dresden. The fourth 
paper of G. T. Whyburn, and the papers by Trijitzinsky, 
W. M. Whyburn, Campbell, Coble, Dodd, Roos, Miller, and 
Manning were read by title. 

1. Mr. G. T. Whyburn: Cyclicly connected continuous 
curves. 


In this paper a new type of continuous curve is studied. A continuous 
curve M is said to be cyclicly connected if and only if every two points of 
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M lie together on some simple closed curve which is contained in M. 
A cyclicly connected continuous curve C which is a subset of a continuous 
curve M is a maximal cyclic curve of M provided C is not a proper subset of 
any other cyclicly connected continuous curve which is a subset of M. The 
most important theorems proved are as follows: (1) A continuous curve 
M is cyclicly connected if and only if M has no cut point. (2) If Misa 
continuous curve and J is any simple closed curve of M, then M contains 
a maximal cyclic curve which contains J. (3) If N denotes the point set 
obtained by adding together all the simple closed curves contained in a 
continuous curve M, then N is the sum of a countable number of maximal 
cyclic curves of M. (4) If H is a maximal connected subset of N, then H 
(H plus its limit points) is a two-way continuous curve. 


2. Mr. G. T. Whyburn: Some properties of continuous 
curves. 


This paper will appear in full in an early issue of this Bulletin. 


3. Mr. G. T. Whyburn: Concerning the structure of a 
continuous curve. 


The author shows that if the cyclic elements of a continuous curve M are 
defined as follows: E isa cyclic element of M provided either E is a maximal 
cyclic curve of M or E is a point of M not belonging to any maximal 
cyclic curve of M, then every continuous curve is acyclic with respect to its 
cyclic elements. The following familiar properties of acyclic continuous 
curves are established for any continuous curve M which is regarded as 
being composed of its cyclic elements: (1) every collection of whole ele- 
ments of M whose sum is a connected point set is arcwise connected in the 
ordinary sense and is also cyclic chainwise connected; and every such 
collection whose sum is a continuum is a continuous curve; (2) an element 
of M is an end element if and only if it is a non-cut element; (3) if C is any 
simple cyclic chain of elements of M, there exists in M a maximal simple 
cyclic chain which contains C. 


4. Mr. G. T. Whyburn: On continuous curves. 


In this paper it is shown that if the continuous curve N is a proper 
subset of the continuous curve M, if R is a maximal connected subset of 
M-—N, and B isthe boundary of R with respect to M, then (1) R+Bisa 
continuous curve, and (2) every maximal connected subset of B is a con- 
tinuous curve and at most a finite number of these curves are of diameter 
greater than any preassigned positive number. It is further shown that if 
the boundary B (with respect to M) of any S-domain R of a continuous 
curve M either (a) is connected im kleinen, or (b) has no continuum of 
condensation, then R+B is a continuous curve. An example is given to 
show that this theorem does not remain true if B, instead of satisfying 
either (a) or (b), merely satisfies the conditions of (2) above. 
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5. Professor G. Y. Rainich: On the definition of differential. 


If the usual definition of differential of a function of several variables 
or of a vector function is adopted, the existence of the differential does not 
imply that it is a linear function of the differentials of the independent 
variables, and that it is a first total differential in the sense of Thomae and 
Stolz. In this paper another definition of differential as a limit of an ex- 
pression is proposed and it is proved that if the differential so defined exists, 
it is a linear function, and that if the approach to the limit is uniform, it isa 
first total differential (Stolz). 


6. Mr. I. M. Sheffer: On entire function interpolation. 


With every entire function f(z) we associate a function P(g), qg>0, 
determined by the absolute values of the Taylor coefficients of f(z). Some 
simple properties of P(q) are proved, and it is shown that if a,(m =0, 1, - + - ) 
is a given set of numbers, there exist infinitely many entire functions E(z) 
such that E(n) =a,. This theorem, usually proved by means of a theorem 
due to Mittag-Leffler, follows here from the properties of P(g) in a very 
elementary manner. It is shown by induction that the first k derivatives 
of E(z) (k arbitrary) may also be assigned at z=0,1,---. The results are 
applied to give a new proof of a theorem due to Borel on the singularities 
of analytic functions whose Taylor coefficients satisfy certain conditions. 
This leads to an interesting set of polynomials of which some important 
properties are stated. 


7. Dr. W. J. Trjitzinsky: On integral transcendental func- 
tions. 


It is proved that there exists at least a set of entire functions F(z), 
such that the expansion F(z) =a; 
holds under certain restrictions, £; being constant; explicit expressions for 
the coefficients a; are found as infinite products. Absolute and uniform 
convergence of the expansion is established and also the equality of the 
expansion and the function. The expansion is obtained as the limit of a 
similar terminating expansion-in polynomials. The validity of the process is 
established by the representation of double limits as the sums of terms of 
an absolutely convergent double array. 


8. Professor W. M. Whyburn: On differential equations 
and their related algebraic systems. 


The method of successive approximations is used to obtain the solution 
of a system of n difference equations of the first order. It is proved that 
this solution tends in the limit to the solution (obtained by the same 
method) of a system of differential equations whose coefficients are 
Lebesgue summable functions. The coefficients of the difference system are 
defined as sequences of horizontal functions having as their limit functions 
almost everywhere the summable coefficients of the differential system. 
The above result enables the author to complete the carrying over of 
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results previously obtained for difference systems to their related differ- 
ential systems. See a paper presented to the American Mathematical 
Society at the summer meeting, September 8-9, 1926. 


9. Professor J. A. Nyswander: A direct method of solving 
systems of linear differential equations of the Fuchsian type. 


The only exhaustive treatment to be found in the literature of a general 
system of n linear differential equations of the first order in n dependent 
variables and one independent variable, the singular points of whose coeffi- 
cients are poles of the first order, viz., that given by J. Horn about 1890, 
is based on the theory of transformations and elementary divisors. The 
present paper gives a new theory which arrives at the general solution, in 
each of the various cases, by a direct determination of the coefficients of 
the power series that enter into the solutions. Early in the theory arises 
the so-called characteristic determinant-equation D(A) =0 whose n roots 
Ai, Ae, OCCur as powers of the independent variables in each of the 
n solutions respectively. The coefficients that enter into the solutions are 
obtained, in the more involved cases, from identities in \; these identities are 
built up directly from the determinant D(A). 


10. Professor J. H. Taylor: Concerning an application of 
tensor analysis to the first variation of an integral. 


J. L. Synge, Proceedings of the London Mathematical Society, (2), 
vol. 25 (1925), has applied the absolute calculus to the development of the 
first and second variations of the length integral of a Riemannian space. 
In the present paper the first variation of an integral in parametric form 
for the ‘‘regular’’ problem of the calculus of variations is treated in an anal- 
ogous fashion. The paper is an application of existing theory, as the 
extensions of the Ricci tensor analysis which are required have been pre- 
viously developed. (J. H. Taylor, A generalization of Levi-Civita’s parallel- 
ism and the Frenet formulas, Transactions of this Society, vol. 27 (1925), 
pp. 246-264.) 


11. Professor V.G. Grove: Transformations of nets. 


In this paper the notion of conjugate nets in the relation of a trans- 
formation F(Eisenhart, Jonas) is generalized to anynet. Two nets are said 
to be C transforms, or in relation C, if the points of the curves of the nets 
are in one to one correspondence and the developables of the congruence of 
lines joining corresponding points cut the sustaining surfaces in the curves 
of the nets. Thus two conjugate nets in the relation of a transformation F 
are C transforms. With suitable restrictions on the nets, many properties 
of conjugate nets in relation F are enjoyed by non-conjugate nets. A 
generalization of transformation K(Koenig) is made, and, again with 
suitable restrictions, properties of conjugate nets in the relation of a trans- 
formation K are enjoyed by non-conjugate nets. 
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12. Professor A. D. Campbell: Nets of conics in the Galois 
fields of order 2". 


In this paper the nets of conics AC, + 4C,+vC; =0 in these finite domains 
are classified into 32 classes; typical nets are derived for each class. The 
results of previous papers on pencils of conics and on plane cubic curves in 
these Galois fields are made use of. In these fields (ax+by+cz)? =a2x?+ 
b?y?-+-c?z?, the discriminant of the general conic is fgh+af?+bg*+ch?, every 
point is its own harmonic conjugate with respect to any pair of collinear 
f2ints. Some cubics in X, yu, v have no associated nets of conics; some nets 
exist only in the Galois field of order 2,others only when n >1, still others 
only when 2" =3k+1; some nets have no degenerate conics in them. When 
the net has a non-degenerate cubic in i, yu, v this cubic is first reduced to a 
normal form and then the net is reduced. The nets with degenerate cubics 
(hence with degenerate pencils of conics in them) are first divided into sets 
according to the nature of the degenerate pencils they contain. 


13. Professor A. B. Coble: Modular manifolds determined 
by the binary (2p+-2)-ic. 

The cross-ratio group of E. H. Moore is for the binary (2p+2)-ic a 
Cremona group of order (2p+2)! in a linear space S2p:. This group has 
two important invariant linear systems which map the space S21 upon 
two manifolds of dimension 2p—1 in the same higher space. The object 
of the present paper is to develop some of the geometric properties of these 
two manifolds and to exhibit their relation to each other. 


14. Professor G. Y. Rainich: Periodic electromagnetic 
fields with non-periodic stresses. 

Together with an electromagnetic field certain second degree quantities 
are considered, viz., the stresses, the Poynting vector, and the energy. 
Given a set of quantities the conditions are established under which they 
may be considered as second degree quantities of an electromagnetic field, 
and the question how far the field is determined by these quantities is 
solved. An example is given in which the field of the second degree quanti- 
ties is not periodic but determines a periodic electromagnetic field. The 
possibility of interpreting such fields as radiation is discussed. 


15. Professor H. W. March: The Heaviside operational 
calculus. 


This paper will appear in full in an early issue of this Bulletin. 


16. Professor W. E. Edington: The relation s_~'s,‘se's2= 
$1—151'50°s; in the definition of non-abelian groups of finite 
order. 
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Given =sf = 1, $152 S051, = €<a, 
5<8 certain general relations exist among some of the operators of the 
group generated by s; and s2 which suggest certain values different from 0 
for «and 6 so as to impose conditions on a and 8 sufficient in some cases to 
determine infinite systems of non-abelian groups of finite order such as the 
dihedral and dicyclic systems and several other systems. 


17. Professor J. V. Uspensky: On the development of 
arbitrary functions in series of Hermite’s and Laguerre’s 
polynomials. 


The question concerning the development of arbitrary functions in 
series of Hermite’s and Laguerre’s polynomials has recently attracted the 
attention of several authors. Their results, however, are far less general 
than those published by the author ten years ago in the Proceedings of the 
Russian Academy of Sciences. As this paper, published in Russia during the 
World War did not attract the attention of mathematicians, the author 
reproduces its contents in a new and simplified form. 


18. Professor J. V. Uspensky: On Jacobi’s arithmetical 
theorems contained in his paper: Ueber diejenigen unendlichen 
Reihen deren Exponenten zugleich in zwet verschiedenen 
quadratischen Formen enthalten sind. 


The author shows how the arithmetical theorems contained in Jacobi’s 
paper mentioned above can be obtained by means of purely arithmetical 
considerations based upon the study of a certain kind of partitions of 
numbers. 


19. Professor H. T. Davis: A solution of Bourlet’s genera- 
trix equation. 


C. Bourlet has shown that, in general, the solution of a non-homogen- 
eous linear functional equation F(x, z)—u =f(x), where 2" is the symbol of 
the mth derivative, can be reduced to that of finding a function G(x, 2) 
which satisfies the generatrix equation [G- F]=1. This paper deals with 
the solution of the equation when F(x, z) is of the form 1—Ag(x, z) and 
determines conditions for the existence of the solution regarded as a func- 
tion of X. 


20. Professor J. A. Shohat: On the asymptotic expressions 
of Tchebycheff polynomials and their derivatives. 


Consider Tchebycheff polynomials ¢,(p; x) corresponding to the finite 
interval (a, b) with log p(x)/[(x—a) (b—x)]}¥? integrable (L). The author 
derives the asymptotic expressions of ¢,(p; z) for n— ~, also of ¢,°(p; 2 
and of (p; 2) (p; 21), (i, 1=0, 1, finite), the real points 
z, 2; being arbitrarily taken outside of (a, b). The method applied is very 
elementary. The first expression is derived without the use of difference 
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or differential equations but by means of some previously established proper- 
ties of algebraic continued fractions. The second expression is obtained 
from a difference equation of the first order. Some of these results have been 
presented to the French Academy (Comptes Rendus, vol. 183, (1926) 
p.697). 


21. Professor E. L. Dodd: The convergence of general 
means of measurements, and the invariance of form of certain 
frequency functions. 


With continuous increasing functions f;(u), let 
1 n 1 n 
v= F(u) =- > fi(u) ,u = G(r), M = - | 
1 


where m; are measurements. Conditions are given for a probability greater 
than 1—7 that |M—a | <e, where a is the true value and ¢ and 7 are pre- 
assigned, small at pleasure. A certain invariance of form of the associated 
frequency functions is shown. Moreover, if the probability that an error be 
negative is 1/2, which does not require any symmetry in the frequency 
function, then the probability law for M can be expressed in simple form 
by the use of the common probability integral. 


22. Dr. C. F. Roos: Generalized Lagrange problems in the 
calculus of variations. 


In the theory of dynamical economics a problem arises which is a gener- 
alization of the Lagrange problem in the calculus of variations. It is desired 
to find in the space 1, “2, “3, x a curve I’ which is a solution of a first order 
differential equation, which maximizes an integral 7, when 1; is kept fixed 
and which at the same time maximizes a second integral +2 when 1; is fixed. 
By employing the theory of Volterra integral equations, Eulerian necessary 
conditions are obtained without the use of multipliers. By allowing one 
end point to vary, conditions similar to the Weierstrass necessary condition 
are obtained. Sufficient conditions are then found by means of an analogue 
of the Hilbert integral. A similar treatment is given of the Lagrange problem 
with one integral but with several differential equations. It is shown that 
the analysis applies also to the problem in which the differential equations 
are replaced by functional equations. 


23. Dr. C. F. Roos: Dynamical economics. 


The hypotheses of Cournot, Walras and others concerning the equation 
of demand are modified so that the rate of change of price and production 
enter into the demand equation. Necessary conditions for a solution of the 
problems of competition, cooperation and monopoly are given for the case 
where the demand equation can be taken as a differential equation of the 
type G(m:, ++ Un, Un’, p, p’, t)=0. In order to take account of the 
cumulative effects of price changes it is suggested that the differential 
equation be replaced by a functional equation. Some economic experiments 
which seem to support this theory are stated in brief. The mathematical 
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problem of competition is then discussed from the view point of Walras 
and Pareto, using functional equations of demand. 


24. Professor G. A. Miller: Possible orders of two generators 
of the alternating and of the symmetric group. 


If />3 represents a prime number which divides the order of the sym- 
metric group of degree n ~2/ —1 then it is always possible to find two opera- 
tors of orders 2 and / respectively which generate this symmetric group and 
also two such operators which generate the alternating group of this degree. 
When  =2/—1 it is possible to find two such generators of the alternating 
group of degree n but it is impossible to find two such generators of the 
symmetric group of this degree. Every symmetric group whose order is 
divisible by 4 except the symmetric group of degree 6 can be generated by 
two operators of orders 2 and 4 respectively, and every alternating group 
which involves operators of order 4 can be generated by two such operators. 
Whenever an alternating group involves a substitution of order 1, >3 
then it contains two substitutions of orders 2 and /; respectively which gen- 
erate the entire group, and the theorems noted above include all the cases 
when the symmetric group cannot be thus generated. The paper will be 
offered for publication to the Transactions of this Society. 


25. Professor W. A. Manning: Simply transitive primitive 
groups. 


Dr. E. R. Bennett (American Journal of Mathematics, vol. 34 (1912)) 
gave a series of useful theorems on a restricted class of simply transitive 
primitive groups. The present paper obtains the conclusion contained in 

‘orollary II to Theorem V of this paper from much weaker hypotheses, 
by proving the following theorem: Let G,, the subgroup that leaves fixed 
one letter of the simply transitive primitive group G of degree m and order 
g, have a transitive constituent M of degree m, in which the subgroup M, 
that fixes one letter is primitive. Let M be ‘‘paired with itself” in G, 
and let the order of M be less than g/n. Then G, contains an imprimitive 
constituent in which there is an invariant intransitive subgroup with m 
transitive constituents of m—1 letters each, permuted according to the 
substitutions of M. This pairing of two transitive constituents of G; (or 
the pairing of a transitive constituent of G, with itself) was introduced by 
Burnside in his paper on Groups of odd order (Proceedings of the London 
Mathematical Society, vol. 33 (1900)). The author also extends and 
simplifies Theorems I to VI of Bennett’s paper. 


26. Professor L. E. Dickson: Integers represented by 
ternary quadratic forms. 


One part of this paper has appeared in the January-February issue of 
this Bulletin. The other part will appear in the Annals of Mathematics. 
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27. Professor L. E. Dickson: Quaternary quadratic forms 
representing all integers. 


There is developed a method for finding all such quadratic forms, 
involving cross-products. The memoir will appear in the American Journal. 


28. Professor L. E. Dickson: Extensions of Waring’s 
theorem on sums of powers. 


The part dealing with fourth powers will appear in an early issue of 
this Bulletin. The part concerning cubes will appear in the American 
Mathematical Monthly. 

The form ax*+by?+--- is denoted by (a, b,---). From it is 
derived (r,s, b, - - - ) by partition of aintor+s. The latter form evidently 
represents every integer which can be represented by the first form. 
Call a+b+ --- the weight of the form. If a form of minimum weight 
9 represents all positive integers, it is f=(1, 1, 2, 2, 3) or one of the six 
forms derived from f by partition. It is shown that f represents all 
integers <1400. One of its partitions is g=.S+3v%, where S is a sum of six 
cubes; g represents all integers <40,000. Many further forms are dis- 
cussed, including all of weights 10 and 11. In particular, S+4v* represents 
all integers <40,000. 


29. Mr. John Williamson: Conditions for associativity 
of division algebras corresponding to non-abelian groups. 


It has been shown by L. E. Dickson (Transactions of this Society, 
April, 1926) that with every solvable group G there is connected a system 
of division algebras. In this paper the conditions that the division algebras 
be associative are obtained when the group G is generated by three inde- 
pendent generators 0;, 9, and O,, where 0, transforms ©; into some 
power of ©,, and 0, transforms 0; and 0, into some power of @; and O, 
respectively. 


30. Professor E. J. Moulton: A note on attraction. 


In this note the author criticizes derivations of the formulas for the 
attraction of a continuous body on a particle under the Newtonian Law of 
gravitation. Various writers, in an effort to improve the usual methods of 
mechanics, have used some formulation of Duhamel’s Theorem. The author 
calls attention to an error introduced by some of these writers (W. F. 
Osgood, Annals of Mathematics, (2), vol. 4 (1903), p. 161; R. L. Moore, 
Annals of Mathematics, (2), vol. 13 (1912), p. 161; G. A. Bliss, Annals of 
Mathematics, (2), vol. 16 (1914), p.45). They assume that the attraction 
of an element of the body is greater than the attraction of a particle of equal 
mass which is placed at the maximum distance from the given particle to 
a point of the element. This assumption is invalid. 


ARNOLD DRESDEN, 
Assistant Secretary. 
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THE NINETEENTH REGULAR MEETING OF THE 
SOUTHWESTERN SECTION 


The nineteenth regular meeting of the Southwestern 
Section of the Society was held at the University of Nebraska 
on Saturday, November 27, 1926. Visiting members were 
entertained at the University Club on the Friday evening 
before the meeting. The morning and afternoon sessions on 
Saturday were presided over by Professor W. C. Brenke. 

The total attendance at the meetings was twenty-five, 
among whom were the following eighteen members of 
the society. 

Ashton, Brenke, Candy, Collins, J. T. Colpitts, Congdon, Doole, 


G. C. Evans, Gaba, Gouwens, F. S. Harper, Holl, Louis Ingold, J. V. 
McKelvey, Pierce, Runge, Sherer, J. S. Turner. 


The morning session closed with an extended paper, 
A survey of discontinuous boundary value problems for 
Laplace’s equation in two dimensions, by Professor Griffith 
C. Evans of Rice Institute. This paper was presented by 
invitation of the program committee. 

At the close of the afternoon session, which was devoted 
to the reading of further papers, a resolution was passed 
thanking the Department of Mathematics of the University 
of Nebraska for their hospitality. The section also extended 
a vote of thanks to Professor Evans for his address. 

Abstracts of the papers presented at this meeting, except 
the extended paper mentioned above, are given below. The 
papers by Anderson, Ettlinger, and Wahlin were read by 
title. Mr. Atanasoff was introduced by Professor E. S. 
Allen. 

1. Professor D. L. Holl: A solution of V4=0 occurring 
in the problem of viscous fluid motion. 


The problem of viscous incompressible fluid motion is the problem of 
determining a function y satisfying V‘y =0 in the region considered and 
subject to a given set of boundary conditions. In this paper a solution 
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is found by the use of conjugate cylindrical coordinates characterized by 
the transformation a+78=log(z+k)—log(z—k) for a region between 
two eccentrically placed cylinders. The solution contains the special 
case of concentric cylinders, for which certain minimizing properties are 
evident immediately. Subsequent computations for all the relevant physical 
quantities concerned are found by which the stability of an apparatus, 
designed for experimental determinations, is predicted. 


2. Professor G. E. Wahlin: On a quadratic algebra over a 
field. 


This report contains the definition of an algebra of order 2° over a 
general field. The multiplication of the basal elements as defined is not 
associative. Every element of the algebra is a root of a quadratic equation 
with coefficients in the field. 


3. Professor J. S. Turner: Tchebycheff determinants. 


Tchebycheff gave forms +(x?—Dy*) with small values of D, and ex- 
plained their use in finding the factors of large integers (Journal de Mathé- 
matiques, vol. 16(1851), pp. 257-282). In the present paper 40 determinants 
are given which have the following properties: (a) D contains no square 
factor, and T?—DU?=1, US4, (b) each genus of D contains only one 
class of reduced forms. The method of using reduced forms ax?=-by? to 
find the factors of large integers is explained. In certain cases this method 
is superior to that in which Euler determinants are used. 


4. Miss Nola L. Anderson: Am extension of Maschke’s 
symbolic method. 


Maschke represented the quadratic differential form ds*=)_ g,jdx‘dxi 
in the symbolic form (df)?=()_ fidx*)? where the f; were treated as partial 
derivatives of a symbolic function. In the present paper the coefficients 
of this differential form are represented symbolically by the equations 
fifi =gj, but it is not assumed that df,;/dx/ is equal to df;/dax*. It is found 
that differential parameters of the first order by the generalized method 
are represented in precisely the same manner as in Maschke’s theory. 
Invariant expressions of higher order, however, are best regarded as 
invariants of the set of quantities g;; and a certain other set analogous to 
Christoffel’s triple-index symbols. A geometric interpretation is given 
for the two-dimensional case, and certain invariant vectors related to a 
two-dimensional surface are studied. 


5. Professor M. G. Gaba: A set of postulates for euclidean 
geometry in terms of point and inversion. 

The basis consists of a class of elements called points and a class of 
permutations among the points. Sufficient postulates or restrictions are 
placed upon the permutations to make them the circular inversions. 
Circles are defined and, by specializing a point, lines are defined. The usual 


164 SOUTHWESTERN SECTION [March-April, 


axioms of plane euclidean geometry are then derived as theorems or stated 
without using any other undefined notion. 


6. Professor H. J. Ettlinger: Note on Riemann-Stieltjes 
integrals. 

By means of the Duhamel-Moore theorem, a direct and simple proof 
is given of the following theorem established by J. M. Whittaker (On 
integrals with a nucleus, Proceedings of the London Society, vol. 25(1926), 
pp. 213-218): If f(x) is bounded on (a, 5) and g(x) is bounded and R- 
integrable on (a, b), and h(x) is the indefinite integral of g(x) from a to x, 
then a necessary and sufficient condition that the Stieltjes integral 
S2f(x)dh(x) exist is that the Riemann integral /,’f(x)g(x)dx exist. 


7. Mr. J. V. Atanasoff: On the dynamics of a new type of 
molecular model. 

A molecular model is chosen in which the distribution of charge 
approximates that of modern theories of atomic structure. Force distance 
relations are developed on the assumption of classical electrodynamics. 
An investigation is made of the law of state of a gas composed of such 
molecules. 


8. Professor Louis Ingold: Quadratic first integrals in 
affine and related geometries. 


In a previous paper the author has indicated a method of transforming 

a given affine geometry by means of an arbitrary non-singular matrix 

a;*_ whose elements are functions of the coordinates. The present paper 

discusses conditions for the existence of quadratic first integrals for the 
differential equations defining the paths in the transformed geometries. 


9. Professor Julia T. Colpitts: The real zeros and other 
properties of a certain entire function of genus unity. 


The function considered is f(x) =) x"/(n+a)",a>—1. There is an 
even number of negative zeros. There is not more than one greater than 
—2e. When c22, there is no real zero. Approximations of the greatest 
zero for small values of a are obtained. 


Louis INGOLD, 
Secretary of the Section. 
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A MATHEMATICAL CRITIQUE OF SOME 
PHYSICAL THEORIES* 


BY G. D. BIRKHOFF 


1. Introduction. My purpose today is to review some of 
the mathematical-physical theories of the past and of the 
present, indicating briefly the nature of certain concepts 
upon which these theories rest as well as the attendant logical 
difficulties, and even proposing modifications which have 
occurred to me. Of course the subject is too large for an 
address of this kind, but interest in mathematical-physical 
ideas is very widespread, and their importance for both 
mathematicians and physicists is profound. I feel more 
justified in choosing this subject because it has occupied so 
much of my attention recently. 


2. Geometry. It goes without saying that geometry is the 
first and simplest of such theories, unless arithmetic be 
regarded as of this type. But the only assumption of a 
physical type underlying arithmetic is that material objects 
possess a permanent identity; and this can hardly be con- 
sidered as an assumption if we are to do any thinking at all. 

Now ordinary three-dimensional geometry of space is 
extremely simple in essence. Some day, when the field of 
knowledge has extended so far that simplification becomes 
necessary, ordinary geometry may be approached somewhat 
as follows: 

(1) Geometry treats of elements called points and the 
relation called distance between pairs of points. 

(2) The complete tabulation of distances between pairs 
of points may be arranged as follows: 


* Presidential Address, delivered before a joint meeting of this Society 
and Section A of the American Association for the Advancement of Science, 
December 30, 1926. This paper was awarded the Prize of the American 
Association for the Advancement of Science, for the 1926 meeting. 
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(a) the points P correspond to real number triples 
(x, ¥, 2); 
(b) the squared distance between P; and Pz is 
(x2—%1)?+(y2— 91)? + (22 —2:1)”. 

All of geometry follows very readily from these agree- 
ments. To begin with, the line segment P;P2 may be defined 
as the set of points P such that the sum of the distance P;P 
and the distance PP; is the distance P;P2. The definition 
of a line segment makes the definition of a complete line 
possible of course, and then of a plane, while the correspond- 
ing simple algebra yields the analytic equations of lines and 
planes. Similarly, the perpendicularity of two lines 1; and 
with the common point P can be defined as the relation 
existing between /; and /, when the sum of the squares of the 
two distances from any point on either line to the common 
point is equal to the square of the distance between these two 
points themselves. In this way one may successively define 
line segment, line, plane, perpendicularity, rectangular co- 
ordinate systems, etc. The whole body of geometrical fact 
with corresponding analytic framework is thus easily de- 
ducible, and yet one may stop at the fundamental principles, 
without taking up beautiful but less vital geometrical studies. 
More generally, an entirely analogous direct development of 
general differential geometry of 7 dimensions, based on the 
well known differential formula for the squared element of 
distance, can be made. Indeed much of specialized geometry 
as well as of analysis is likely to give way some day, for as 
my predecessor, Professor Veblen, said in his address: ““The 
main current of mathematics will flow by carrying with it 
only the more important facts.’”’ One thing is plain, however: 
it will remain the first duty of the mathematician to develop 
interesting and beautiful theories of all types, without being 
much concerned with the question of ultimate importance. 

The theories of relativity of Einstein have made us 
appreciate that geometry arises directly out of the com- 
parison of rigid bodies, and that its meaning becomes more 
and more precise as uniformity of pressure and temperature 
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of the bodies, freedom from gravitational, rotational and 
other stresses are secured; but such precision is limited, 
because of the atomic structure of matter. In its origin the 
geometric concept of space is always to be associated with 
that of a corresponding body of reference. 


3. Classical Dynamics. Classical dynamics arises in the 
attempt to use euclidean space and absolute time as the 
means for expressing the laws of nature. Natural laws are 
then interpreted as describing the interaction of various 
particles, rigid and elastic bodies in a selected space of 
reference. 

There lie at the very basis of this attempt to make space 
the container of matter, certain fundamental difficulties, to 
some of which I wish to direct your attention. The simplest 
illustration of them arises in dealing with a collection of 
“equal rigid elastic spheres,” which move in straight lines 


->-- 


\ 
\ 
¥ 
Fic. 1 


with uniform velocity except in so far as they may collide. 
The spheres will be taken to be non-rotating and smooth. 
This is the model on which the statistical treatment of the 
properties of a perfect gas is often based. When only two 
spheres collide, the assumed laws of contact action determine 
uniquely their directions and velocities under collision; but 


94.7° 
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when more than two spheres collide, the situation is entirely 
different. 

Suppose that three equal spheres approach a point with 
equal velocities, the lines of motion being 120° apart and in 
the same plane. If all three spheres collide at the same 
instant, considerations of symmetry alone demand that the 
spheres must rebound back along the same lines with a 
velocity equal to that of approach. But it is easily verified 
that if two of them collide ever so little before they collide 
with the third, the resultant motion will be decidedly differ- 
ent in character, as indicated by the dotted lines of the 
figure. Such a result seems to contradict the fundamental 
physical requirement of continuity. In fact the laws of action 
suffice to determine the behavior of two spheres which collide, 
but as more and more complicated simultaneous collisions 
between three or more spheres are considered, it is not 
possible to infer their behavior by an argument based on 
continuity or even on symmetry. Hence these laws need to 
be supplemented by indefinitely many others of arbitrary 
type, if the mathematical theory is to be determinate. 


Fic. 2. 


The situation is similar with 7 mass particles, attracting 
one another according to the Newtonian law. The laws of 
motion are then incorporated in 3m differential equations 
of the second order. In the case of only three particles, if 
certain three area integral constants are not all zero, Sund- 
man* has shown that triple collision is impossible, and that 
the differential equations themselves suffice to define the 
motion after double collision; in fact, at double collision the 
bodies approach each other in a certain direction and may 


* Acta Mathematica, 1912. 
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be taken to recede with nearly the same velocity in the 
opposite direction after collision; this is proper because for 
nearly a double collision the behavior is almost the same, 
as indicated by the dotted lines in the figure below. Hence 
considerations of continuity determine the behavior at 
collision. 

But, if there are further particles, three particles may 
happen to collide simultaneously, and then there arises the 
same kind of indeterminateness as in the case when three 
rigid elastic spheres collide. Hence, here too, other sup- 
plementary conditions are required in addition to those 
furnished by the differential equations. 

Finally, the concept of elastic bodies so fundamental in 
classical dynamics presents even more formidable logical 
objections. The whole of that theory is based on the notion 
of continuously distributed matter subject to certain strains 
and stresses obeying Hooke’s law. It is a characteristic 
feature of the isotropic elastic body that the effects of any 
disturbance are propagated at a definite velocity, namely, 
the disturbance velocity. Bearing this property in mind, let 
us ask what happens when two equal elastic spheres under 
no pressure approach along their line of centers with equal 
velocities which exceed the disturbance velocity. The parts 
of the spheres approaching the plane of collision have no 
possibility of reacting to the disturbance of collision since 
that plane is approaching the center of either sphere at a 
velocity greater than the disturbance velocity. On the other 
hand, the parts of the spheres which collide at the plane 
cannot rebound without interpenetration. Thus it appears 
as if the spheres are converted into a kind of lamina of 
infinite density moving radially outward in the plane of 
symmetry. But this yields a total change of state, which the 
theory of elasticity does not contemplate. 

Another but lesser stumbling block is contained in the 
following situation: Consider two equal elastic hemispheres 
at rest with the two circular boundaries in contact and com- 


| 
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pare these with a single sphere of the same size and also at 
rest. The differential equations, initial densities and pres- 
sures are identical and yet the reactions under the same force 
may be different, for in the first case the two hemispheres 
can be separated. 

These illustrations show that the classical theory of 
particles, rigid and elastic bodies, needs to be supplemented 
by a variety of conditions, some of which do not appear to 
have been formulated, and that such formulation will of 
necessity be artificial in character. 

There are other facts to be considered also. Hertz pointed 
out the peculiarities of such cases as an elastic sphere resting 
on a plane surface. Furthermore, if elastic spheres collide 
successively with one another, the internal kinetic energy 
will increase, while the relative velocities of the spheres 
becomes smaller and smaller. Thus a collection of small 
elastic spheres does not really furnish a model for a perfect 
gas. But these are questions of complication rather than of 
principle. 

The central difficulty of indeterminateness disappears in 
the case of a single elastic body, but then the situation is no 
longer analogous to the case of a set of particles in empty 
space, which formed our starting point. The question now 
confronts us: Is it possible to conceive of simple laws of 
motion for systems of particles and for continuous bodies in 
empty space which will be unified and determinate? 

To secure such a system of particles, it suffices to subject 


the particles to forces acting directly between them and of 


1 a 
r2 r? 


where m and M are the masses of the two particles, and r is 


the form 


the distance between them; in other words, in addition to 
the ordinary Newtonian force of attraction there is a re- 
pulsive force inversely proportional to the cube of the 
distance. Since the potential energy of the system then 
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increases indefinitely when any two particles approach 
collision, it follows that collision can never take place. 
Furthermore, if there are dissipative forces, there will be 
obviously a position of stable equilibrium for such a set of 
particles. 

In order to deal with a continuous distribution of matter, 
we need merely to set up an appropriate potential energy 


function 
1 a 
r 2r2 


where dm is the element of mass and the integration is taken 
over space. This means that the law of force for the con- 
tinuous distribution is the same as that for the system of 
particles just considered; the acceleration in any direction 
of a point of the body is given by the corresponding gradient 
of the potential function U. It is obvious that such a body 
cannot contract indefinitely since then its potential energy 
would exceed the total initial energy; nor can it expand 
indefinitely unless sufficient kinetic energy is available. 
Moreover, there will clearly be a single spherical state of 
equilibrium in case dissipative forces are present. 

This type of body is instructive in another way. It 
illustrates how necessary it is to take the differential equa- 
tions of motion as fundamental rather than to rely upon 
what appear to be simple physical intuitions. For, consider 
what happens if two such bodies collide. If we let ordinary 
intuition speak, we might declare that they will either re- 
bound from one another or continue indefinitely in contact. 
But the nature of the differential equations of motion ex- 
cludes both of these possibilities. In fact, when the bodies 
first touch, the points of contact have differing velocities, 
whereas the accelerations will be the same according to the 
formula. Consequently, the formula shows that they must 
interpenetrate rather than remain in contact or rebound 
from one another. Evidently such a fluid is entirely different 
in character from the elastic body under pressure, but it has 
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at least the theoretical advantage of being free from the 
fundamental defect of indeterminateness. As perhaps of 
some interest, it may be remarked that two colliding bodies 
of this description will in general separate after a transitional 
period of interpenetration. 

The chief mathematical instruments used by the physicists 
in dealing with space, time and matter according to the 
conception of classical physics have been the Lagrangian and 
Hamiltonian equations. I wish to digress somewhat from 
my main theme in order to make a remark concerning the 
nature and significance of these equations. 

A dynamical system representable approximately by 
means of asetof ‘‘mass particles” subject to “rigid constraints” 
and ‘conservative forces” of gravitational or elastic character, 
has its potential energy given by a function of m spatial 
coordinates, while its kinetic energy is expressed in terms of 
these coordinates and their velocities in the usual way. It 
is readily demonstrated that the equations of motion may be 
written in either of the above mentioned forms. The mathe- 
matician has thus been led to ask: What are the character- 
istics of equations of these types? In the particular case of 
the solar system, it was demonstrated by Laplace and 
Poisson that there would be partial stability. Poincaré 
proved that it was a general characteristic of equations of 
this type to possess complete formal stability. This means 
that the disturbances from periodic motion are essentially 
periodic in type and representable to all orders by means of 
trigonometric series with a certain degree of approximation. 

I have recently succeeded in establishing a kind of converse 
result: If a dynamical system is such that its state is deter- 
mined by 2m coordinates, and if the perturbations from a 
periodic motion can be thus represented by trigonometric 
series, then the equations may be given Hamiltonian form.* 
Thus perhaps the only significance of the Hamiltonian form 
of equations in classical dynamics is to insure automatically 
that periodic motions are completely stable. A more general 
* Comptes Rendus, September 20, 1926. 
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Pfaffian type of equation seems better adapted to be useful 
to the physicist, for it possesses greater ease and flexibility 
of transformation of the variables. I believe that the whole 
apparatus of transformation which is used in connection with 
the Hamiltonian equations has been overrated. 


4. The Electromagnetic Theory. The equations of Maxwell, 
giving the interplay between the electric and magnetic forces 
in space, have never been modified, although it has been 
shown that these admit of very elegant formulation when pre- 
sented in the Maxwell-Lorentz form. The space-time back- 
ground corresponding to this form is that of the special theory 
of relativity, in which space and time are taken relative 
to some reference body and in which the velocity of light 
appears as a characteristic limiting disturbance velocity. 

Fundamental in this theory is the notion of the minute 
test charge of electricity in the field, which is always supposed 
to be associated with ordinary matter. It is the acceleration 
of this electrified mass particle which measures the electric 
and magnetic forces in the field. In-recent years statements 
have been made by physicists conjecturing that all mass is 
electromagnetic in origin. Now I have never been able to 
understand such a point of view, for in that case the ultimate 
particle of electricity would be “free” and would constantly 
move in directions determined by the electric and magnetic 
forces with a velocity equal to-that of light. 

A first question which arises is this: Shall the forces arising 
from the charge of the particle itself be considered as forming 
part of the total force? If we admit that this can be possible, 
we are confronted with the difficulty that the forces acting 
on the point particle will be infinite; but if we consider the 
resultant electromagnetic forces acting on a hypothetical 
small electrified sphere with the electrified particle at its 
center, the limiting forces can be determined. However, for 
a system of such particles there will be an indefinite radiation 
outward of electromagnetic energy as oppositely electrified 
particles fall into one another, while those similarly electrified 
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tend to separate indefinitely under the mutual forces of 
repulsion. Evidently such a system of electrified particles 
is of little physical interest. 

The use of an elastic fluid as the carrier of electricity seems 
at first sight to offer greater prospects of success. Not long 
ago I attempted to develop a theory based upon an adiabatic 
fluid having the property that the tension increased as the 
square of the density of the electrical charge. This tension 
was introduced in order to offset the electrical forces of 
repulsion within the proton and electron. It turned out that 
there was a unique sphere of equilibrium, of definite radius 
but of unstable type. This sphere contracted under slight 
displacement, and I tried to develop some of the properties 
of what I thought might be the final stable form.* 

Further examination of the problem has made it appear 
impossible to secure stability of the kind desired, no matter 
what type of relation between pressure and density is 
assumed to hold. For, if we imagine the bits of the fluid to 
be widely distributed but under the same pressures and 
densities as at the outset, it is clear that the elastic potential 
energy is the same as before, while the electromagnetic 
energy of the field has been diminished. From this fact and 
some more purely mathematical considerations, it follows 
that there will always be a tendency toward breaking up of 
the fluid into smaller and smaller nuclei so that no final stable 
condition is possible. 

But, aside from this instability which arises from the fact 
that electricity of one sign exerts strong forces of repulsion 
upon itself, there is another difficulty which arises even in 
the consideration of neutral matter not carrying any electri- 
cal charge. In fact, we have two types of disturbance 
velocities: firstly, that of light, and secondly, that of the 
elastic wave of the fluid. Now if the velocity of the latter 
wave is less than that of light, we can imagine two bodies 
approaching each other from opposite directions with veloc- 


* The Origin, Nature and Influence of Relativity, New York, The Mac- 
millan Company, 1925. Chapters 6 and 7, 
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ities greater than the disturbance velocity but less than 
that of light. In this case the same paradox would arise as 
in the analogous classical case considered above. 

Therefore the only possible elastic fluid would seem to 
be one with a disturbance velocity equal to that of light at all 
densities. The fluid of this type I shall term the “perfect 
fluid,” by analogy with the ordinary perfect gas. The pressure 
in such a fluid is readily determined to be one half the density 
in absolute units, and so enormously great. Evidently the 
perfect fluid would tend to expand indefinitely with velocities 
approaching that of light. Of course such a perfect fluid 
would afford a much more unstable carrier of electricity than 
the one which I had proposed (loc. cit.). It should be noted 
in passing that because of the relativistic character of this 
perfect fluid, the mass of a small part of it is not invariable 
but changes as the square of the density of the attached 
charge. 

Consequently, attempts to make use of an elastic fluid as 
the carrier of electricity seem to fail, and we are led to inquire 
whether it is not in the nature of the case that the elementary 
bodies such as the protons and electrons must be allowed to 
have some sort of autonomous existence in the same sense 
that empty space has. I shall make a suggestion of this sort 
in the ‘atomic potentials’ used below. For the moment, 
however, I wish to emphasize the difficulty in maintaining 
the point of view of the “field” consistently. Consider a 
stretched elastic string which is vibrating longitudinally. 
No matter how the linear density or elastic coefficient varies, 
any local disturbance is propagated in both directions along 
the string with the disturbance velocity. Consequently the 
particle cannot be treated as a moving local disturbance. 
However, we might compare the particle to a bead on a 
string and moving with a velocity of its own, whose motion 
is affected by and affects that of the string. The bead would 
not appear then as a part of the string but would have 
autonomous existence. Here the strings correspond to the 
“field”? and the bead to the body. 
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The idea of atomic potentials may be explained as follows. 
It is well known that the kinetic and elastic energy of an 
adiabatic fluid at low velocities can be defined just as in 
classical dynamics, in such wise that the principle of con- 
servation of energy holds. Let us suppose in addition that 
there is an individual atomic potential energy of positive 
volume density, Y, where y has a value fixed for all time 
for each point of the fluid. This leads to a supplementary 
body force, proportional to the gradient of Y in space. In 
this way indefinite expansion of the corresponding proton or 
electron is prevented, for it would involve an indefinite 
increase in the atomic potential energy. 

At first sight this seems to insure a stable spherical form 
of equilibrium. However, further consideration of small 
motions near the equilibrium state shows that the radial 
forces are so small as to make the nucleus amorphous under 
radial displacement, with a tendency to spread over space 
in wisp like form. 

But now suppose that the p.otons are made of very 
small parts of the fluid with charge +e, while the electrons 
are made of parts of the perfect fluid with the charge —e, 
and with suitable atomic potentials. Let us suppose further- 
more that such an electron can be penetrated freely by the 
proton. 

Under these circumstances there will be a stable spher- 
ical form of equilibrium in which the proton coincides 
with the electron; for the tendency towards amorphous 
shape of the electrons and protons will be destroyed by the 
attractive forces between them. 

The fact ought not to pass unnoted that all of the forces 
due to the atomic potential will have a resultant zero if the 
density of potential y is constant at the boundary. Hence the 
electron as well as the proton will respond to external forces 
in the required way. 

Here perhaps is a kind of two substance theory of matter 
and electricity which will be found to meet the fundamental 
mathematical requirements of determinateness and stability. 
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5. General Relativity. _The essential logical structure of 
the gravitational theory of relativity of Einstein is extremely 
simple. Let us suppose that the universe of events is four- 
dimensional. Imagine a very slight disturbance of the exist- 
ing physical condition to be made at an event. This dis- 
turbance will spread and modify physical phenomena in a 
certain region of space-time, in accordance with the principle 
of local causation. This region is analogous to a three- 
dimensional cone with vertex at the given event. Now the 
simplest mathematical form of definition for such a cone is 
that obtained from the vanishing of a differential quadratic 
form ds?. Hence it seems probable that such a form ds? will 
lie at the base of any physical theory; in consequence, the 
symbolic language of tensor analysis becomes available. If 
we assume also that a mass particle moves in the space-time 
of general relativity according to the same underlying law 
as in the special theory of relativity (principle of equivalence) 
and if we determine the coefficients of ds? in such wise as 
to be as nearly as possible the same in character as the 
coefficients in the special theory, they become to a large 
degree determined. 

Now it seems obvious that the space-time in the vicinity 
of the sun possesses spherical symmetry, and the law of 
motion obtained on this assumption is essentially that of 
Newton. In this way the fundamental experimental tests of 
Einstein are obtained. 

Thus the general theory of relativity appears as a theory 
of empty space and throws no light upon the structure of 
matter. It is only the spherical symmetry of the space-time 
about the sun which allows us to come to a conclusion. 

The logical situation is analogous to that involved in the 
following example. Suppose that a uniform square plate is 
maintained with two opposite sides at temperature 0°C, and 
the other two sides at temperature 100°C. I say that it is 
possible to prove that the temperature along the diagonals 
is exactly 50°C, without making any other assumption than 
that states of temperature are additive. In fact, imagine 
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the square rotated about one diagonal. In the new position 
the sides at temperature 0° take the position of the sides 
previously at temperature 100°, and vice versa. By addition 
of the first and second states, a state is obtained at tempera- 
ture 100°C around the four sides, and therefore 100°C within. * 
But evidently along the invariant diagonal the temperatures 
of the two states are identical. In consequence the tempera- 
ture along this diagonal, and similarly along the other, must 
be 50°C. A like treatment of a rectangular plate would not 
be possible, because of the lesser symmetry. 

In attempting to extend the general theory of relativity 
to space occupied by matter, Einstein was led to “‘field 
equations” 


Rij — =XTij, (X= —87), 


where 77;; is the “energy tensor’ of matter and electricity. 
These equations are supposed to be supplemented by various 
“constitutive equations” such as the Maxwell-Lorentz equa- 
tions. But it should be noted that there are in reality two 
types of energy tensors, namely, one for empty space and 
another for the interior of matter; for instance, it is only 


within matter that the velocity tensor is defined. Thus these 
are not really field equations as they stand. 

The space-time framework of general relativity is adapted 
to our concept of atomic potential; for this purpose we define 
T;; as consisting of the usual elastic and electromagnetic 
energy tensor of an atomic potential term Wg;;.. The mathe- 
matical fact that the divergence of the energy tensor 
vanishes will yield the observed law of motion of the protons 
and electrons. 


6. Atomic Theory. It is evident today that all earlier ideas 
in physics have been statistical in character, and that the 
fundamental laws are those of the atomic domain. The 
kinetic theory of heat illustrates this method of explanation 
of physical fact in the simplest possible way. Naturally the 
attention of physicists everywhere is fixed upon the discovery 
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of the laws of the atom. The main theoretical attack is 
based upon electrical phenomena in rarefied gases and the 
properties of spectra. 

If we grant the four-dimensional nature of space-time, it i 
natural to assume to argue by analogy about the atom; 
domain. This argument of continuity seems to make 
imperative that the atom is an oscillating electromagnetic 
system, which radiates or absorbs electromagnetic energy. 

Now the central facts about the atomic oscillator are 
essentially two: first, it acts like a combination of simple 
resonators of perfectly definite frequencies, such as those 
given by the Balmer formula in the case of the hydrogen 
atom; and secondly, these frequencies are excited only by 
means of certain quanta of energy (Planck’s hypothesis). 

Now in my opinion there need be no essential difficulty 
in accounting for this second fact. Imagine a pendulum to 
swing in a viscous medium whose viscosity diminishes rapidly 
as the distance from the position of equilibrium increases. 
With less than a certain initial velocity, the pendulum would 
swing back slowly towards its position of equilibrium, never 
passing it. On the other hand, if the initial velocity is 
sufficient to carry the pendulum beyond the zone of consider- 
able viscosity, it will oscillate back and forth, traversing the 
viscous region in damped harmonic motion. Consequently 
we may conceive of the so-called “energy levels” as defining 
the amount of energy necessary to carry the oscillators so 
far from equilibrium that they will move back and forth past 
the position ot equilibrium. Thus the first and most funda- 
mental task appears to be to find an oscillator possessing 
the desired frequencies. Afterwards one may investigate in 
detail the rate of electromagnetic radiation, which will cor- 
respond to viscosity. 

It seems premature to abandon the attempt to explain 
the facts upon some such basis. Computations of the fre- 
quencies should be made for some simple conjectural theories 
of matter and electricity which meet the elementary mathe- 
matical demands of determinateness and stability. As far as 
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I know this has not been done for a single case. The tendency 
of the quantum theory as developed by N. Bohr, Heisenberg, 
Born and others, has been altogether in the direction of 
obtaining a discrete theory of atomic structure. No doubt 
the discovery of a consistent theory of this kind would be 
of the utmost interest for mathematics as well as physics. 
But from my limited mathematical point of view, I can 
discern no kernel of thought in their work which tends toward 
the construction of a logically satisfactory discrete model, 
although this work is obviously cf the highest value for 
physics. 

Very recently Schrédinger* has obtained a highly sug- 


gestive “wave equation,” so that spectroscopic frequencies 
are treated by him as somewhat analogous to the frequencies 
of vibration of an electrodynamic system. He determines 
a sequence of frequencies and conjectures that the Balmer 
formula, which is obtained by taking the difference of two 
such frequencies, may be a difference frequency in the usual 
physical sense. 

It will be of interest to compare his wave equation with 
that for the small oscillations of the fluid proton and electron 
in the theory outlined above. Now we observe that in this 
theory there figures a substance coefficient” @ whose square 
gives the ratio of the density of matter to the square of the 
electrical density at any point; there is also the “atomic 
potential’ y. Thus there are two functions ¢ and ¥ which may 
be given arbitrarily at the outset, and which need to be 
specified before definite conclusions can be made. I have 
not as yet had the opportunity of determining the boundary 
conditions and the actual frequencies.~ The three wave 
equations are of the same general type as the Schrédinger 
equation. 


* Annalen der Physik, 1926. 
+ Further development of the theory outlined above will appear 
shortly in the Proceedings of the National Academy. The theory leads 
to a formula of the Balmer type for the frequencies. 
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There is another remark about atomic dynamics that 
seems to me of importance. It is usual to approximate to 
an atomic problem by an ordinary dynamical problem such 
as the two-body problem, and the equations are then of 
Hamiltonian form. It is well known that any state of such a 
system tends to recur. Thus in general the motion will 
not be limited to certain periodic motions as demanded, or 
at least suggested, by the quantum theory. But, for a non- 
Hamiltonian system I have shown that there will exist a 
restricted set of ‘‘central motions’ near which any motion 
will in general be found.* Consequently if the central 
motions are periodic, we may expect a corresponding set 
of sharp frequencies. Thus an approximating set of differ- 
ential equations may yield quantum orbits without any 
quantum conditions, provided that the equations are not of 
Hamiltonian type. 


If I have convinced you of the necessity for a careful 
critique of the logical questions inherent in the laws ordinar- 
ily given for matter and electricity, I shall feel very well 
satisfied. The mathematician can be of great service in 
analyzing these basic ideas, in forming physical models of 
as simple type as possible which meet the most pressing 
physical requirements, and in making the necessary cal- 
culations of oscillation frequencies, etc. The possibilities of 
such models based upon an underlying four-dimensional 
space-time continuum have by no means been exhausted. 


HARVARD UNIVERSITY. 


* Géttinger Nachrichten, 1926. 
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AN ASSEMBLAGE-THEORETIC PROOF OF THE 
EXISTENCE OF TRANSCENDENTALLY 
TRANSCENDENTAL FUNCTIONS* 


BY J. F. RITT AND ELI GOURIN 


1. Introduction. The first example of a transcendentally 
transcendental function,+ that is, of an analytic function 
not a solution of any algebraic differential equation, was 
given by Hélder,{ who, in 1887, showed that the gamma 
function does not satisfy any such equation. Other in- 
vestigations have followed Hdélder’s. In some of these, 
functional equations of different types are studied, to find 
which of their solutions satisfy algebraic differential equa- 
tions. In others, e.g., in that of Hurwitz, on power series 
with rational coefficients§ and in that of Ostrowsky on 
Dirichlet series,|| certain analytic expressions are examined 
and conditions found under which they represent trans- 
cendentally transcendental functions. 

In the present note, the existence of transcendentally 
transcendental functions is shown on an a priori basis, by 
a proof resembling that proof of the existence of trans- 
cendental numbers which is based on the countability of 
the algebraic numbers. The totality of algebraic differential 
equations has the same power as the totality of analytic 
functions, but there exists a countable set of the equations, 
namely, those with integral coefficients, whose solutions 
form the totality of the solutions of all algebraic differential 
equations. It follows that the solutions of the countable set 
of equations do not exhaust the analytic functions. 


* Presented to the Society, December 29, 1926. 
+t This term is due to E. H. Moore, Mathematische Annalen, vol. 
48 (1896), p. 49. 
t Mathematische Annalen, vol. 28 (1887), p. 1. 
§ Annales de l’Ecole Normale Supérieure, vol. 6 (1889), p. 327. 
|| Mathematische Zeitschrift, vol. 8 (1920), p. 241. 
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Our result throws some light on the distribution of trans- 
cendentally transcendental functions among the analytic 
functions. We prove that it is possible to choose the coefficients 
in the series 


Go + ix + ---+ 


so that the series does not satisfy formally any algebraic 
differential equation, with the following degree of freedom: 
ao may be given any value not on a certain countable set; 
a, may then be given any value not on a certain countable 
set which depends on the choice of ao; 


a, may be given any value not on a certain countable set 
which depends on the choices of ao, - + + , Gn—-13 


Any set of a’s which do not increase too rapidly give a 
transcendentally transcendental function. 


2. Algebraic Differential Equations. Let y(x) be any 
function satisfying an algebraic differential equation. Repre- 
senting by y, the pth derivative of y, we write the equa- 
tion for y in the form 


(1) - = 0. 


Here each c is a constant not zero. It is understood that the 
expressions x‘ - - - y,*" are distinct from one another. 

Now (1) states that, for the given function y(x), the 
expressions x‘--- yn‘n are linearly dependent. Thus, 
if we set the wronskian of these expressions equal to zero, 
we shall have an algebraic differential equation for y(x), 
usually of order greater than n, with integral coefficients. All 
that it is necessary to show is that the wronskian does not 
vanish identically in x--- y,. If it did, every function 
with 7 derivatives would satisfy an equation like (1), that 
is, an equation with the same expressions x‘--- y,'" as 
appear in (1), with constants ¢ not all zero. But because 
we can construct a function with any given values for itself 
and for its first » derivatives at any number of points, it 


A 
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would follow easily that an equation like (1) exists, with 
coefficients ¢ not all zero, which is an identity for x, ---, yn 
arbitrary. This is absurd. We know thus that y(x) satisfies 
an algebraic differential equation with integral coefficients.* 


3. Transcendentally Transcendental Functions. The alge- 
braic differential equations with integral coefficients are 
countable. Let them be arranged in a sequence 


(2) a=0, e=0,---, =0,---. 


If the polynomial e; vanishes when x=h, for all values 
of the variables other than x which appear in e;, then e; is 
divisible by x—h. As each e; has only a finite number of 
factors of the form x—h, the polynomials of (2) have, collec- 
tively, only a countable set of such factors. 

If we replace x in (2) by any value distinct from the h’s of 
the countable set just mentioned, the equations of (2) 
become non-identical equations which do not involve x, 


Of course, an e/ may be aconstant. This simply means that 
e;=0 has no solution analytic for the chosen value of h. 

We can now choose y anywhere, except on a countable 
set, in such a way as to reduce the equations of (3) to non- 
identical equations involving neither x nor y, and can 
continue in the same fashion for y,, etc. We find thus a set 
of values of our variables which satisfy no equation (2). 

If the values chosen for x, y, 1, etc., are respectively h, 
ko, ki, etc., the power series dk.(x—h)", n! will not satisfy 
formally any algebraic differential equation. The series 
>°k,.x"/n! cannot satisfy such an equation either. This 
proves the result stated in the introduction. 


CoL_uMBIA UNIVERSITY 


* Hurwitz, loc. cit., states without proof that a power series with 
rational coefficients which satisfies an algebraic differential equation, 
satisfies such an equation with integral coefficients. Very probably he had 
the more general result just proved in mind. In any case, the countability 
of the equations with integral coefficients plays no role in Hurwitz’s work. 
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THE MOST GENERAL CLOSED POINT SET OVER 
WHICH CONTINUOUS FUNCTION MAY BE 
DEFINED BY CERTAIN PROPERTIES* 


BY G. T. WHYBURN 


In a recent paperf C. H. Rowe states the following 
theorem. 

THEOREM A. In order that a function f(x, y,- ~~), de- 
fined in a finite open region R, may be continuous in R, it is 
necessary and sufficient that, as we move along any continuous 
curve whose points belong to R, the function should never pass 
from one value to another without taking every intermediate 
value, and that, for every value of a, the set E of all points of R 
for which f=a should contain all those of its limit points that 
belong to R. 

Rowe points out difficulties in extending his theorem to 
functions defined over a closed region{ instead of an open one. 
He states that his theorem is valid for functions defined over 
a closed region R provided R satisfies the condition that for 
every one of its boundary points P there are values of 6 as 
small as we please such that the points of R whose distances 
from P do not exceed 6 form a set having the property that 
every two of its points can be joined by an arc of a con- 
tinuous curve which lies wholly in this set. The present 
paper has two main purposes: (1) to show that the condition 
imposed by Rowe upon the closed region R above is unneces- 
sarily strong and (2) to give a condition on a closed point 
set M, whether M is a closed region or not, which is both 
necessary and sufficient in order that Theorem A should be 
valid for functions defined over M. 


* Presented to the Society, September 9, 1926. 

+ Note on a pair of properties which characterize continuous functions, 
this Bulletin, vol. 32 (1926), pp. 285-287. 

t For definitions of the terms open region and closed region see Rowe, 
loc. cit. 
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In view of Theorem I below, the following example of a 
simple closed curve plus its interior which does not satisfy 
Rowe’s condition shows that his condition is much too 
strong. Let ¢; denote the simple continuous arc composed 
of the point (0, 0) together with the broken line joining, 
in the order here named, the points (4, 0), (4, 1), (—4, 1), 
(—4, —1), (2, —1), @, (—2, (-—2, —®, 
(1, 4), 4), (—1, —4), - - -, indefinitely. Let denote 
the simple continuous arc consisting of the point (0, 0) plus 
the broken line joining, in the order here named, the points 
(3, 0), (3, 3), (—3, 9), (-3, 8), (-& 
—3), (3, —3, 1%), - - indefinitely. Let denote 
the straight line interval from (3, 0) to (4, 0). It is easy 
to see that if J denotes the point set h+#+J/, then J 
is a simple closed curve. Let R denote J plus its interior. 
Then R is a closed region. But if P denotes the point 
(0,0), then no matter what positive number 6 we take 
which is less than 1, the set K; of all those points of R 
whose distances from P do not exceed 6 is not connected. 
Hence R does not satisfy Rowe’s condition, even though it 
belongs to one of the simplest types of closed regions. 


THEOREM I. In order that Theorem A should be valid for 
functions defined over a closed point set M it is necessary and 
sufficient that M should be connected im‘ kleinen.* 


Proor. The condition is sufficient. Let f(x, y,---) be 
any functon which is defined over a closed and connected im 
kleinen point set MW and which satisfies the conditions of 
Theorem A. Let P denote any definite point of M, and e 
any positive number. Let E£; and £2 respectively denote the 


* A point set M is connected im kleinen provided that for each point 
P of M and for every positive number e there exists a positive number 6p 
such that every point X of M whose distance from P is less than dep lies, 
together with P, in a connected subset of M of diameter less thane. By 
the diameter of a point set K is meant the upper limit of the aggregate of 
numbers 6(X, Y), where X and Y are any pair of points of K and 6(X, Y) 
is the distance between X and Y. The notation 6(X, Y), to represent the 
distance between the points or point sets X and Y, will be used in this 
paper. See Hahn, Mengentheoretische Charakterisierung der stetigen Kurve, 
Wiener Akademie Sitzungsberichte, vol. 123, pp. 2433-2489. 
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set of all those points X of M such that f(X)=f(P)+e 
and f(X)=f(P)—e, respectively. By hypothesis both 
and £; are closed or vacuous point sets, and ne.ther contains 
the point P. Hence, there exists a positive number e such 
that no point of M whose distance from P is < e belongs 
to either E, or E,. Since M is connected im kleinen and 
closed, there exists a positive number d such that every 
point Q of M such that 5(Q, P) <d can be joined to P by a 
simple continuous arc* every point of which belongs to M 
and is at a distance less than e from P. Let K denote the 
set of all those points of M whose distance from P is less 
than d. Then for every point Q of K, f(P) —e<f(Q) <f(P) +. 
For if for some point A of K, this statement is not true, 
then since A can be joined to P by an arc t which lies in M@ 
but which has no point in common with either of the sets 
FE, Ex, f does not take on all values between f(A) and f(P) 
as we move along ¢ from A to P, contrary to hypothesis. 
Hence, f(x, y,--- ) is continuous at every point P of M. 

The condition is also necessary. Let M denote any closed 
point set which is not connected im kleinen. I will show that 
a function can be defined over M which will satisfy the 
conditions of Theorem A but which will not be continuous 
at every point of 1. Since M is not connected im kleinen, 
there exists a point P of M and a positive number € such 
that no matter what positive number 6 may be, there exists 
some point Q of VM such that 6(Q, P)<6 but such that Q 
and P do not lie together in any connected subset of M 
of diameter less than e. It easily follows that M contains 
a sequence of points P;, Ps, P3,--- , having P as its se- 
quential limit point and such that for no positive integer n 
does P,, lie together with P in a connected subset of M of 
diameter S¢/2. Let K denote the set of all those points of 


* Sec R. L. Moore, A theorem concerning continuous curves, this Bulletin, 
vol. 23 (1917), pp. 233-236; J. R. Kline, Concerning approachability of 
simple closed and open curves, Transactions of this Society, vol. 21 (1920), 
footnote to p. 453, and S. Mazurkiewicz, Sur les lignes de Jordan, Funda- 
menta Mathematicae, vol. 1 (1920), pp. 166-209. 
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M which can be joined to P by a connected subset of M 
of diameter Se€/2. Since M is closed, it easily follows that 
K is closed. Let C denote the set of all points whose dis- 
tances from P are equal to €/2. Now let us define a function 
f(x, y,--- ) over M as follows. For every point X of M 
which is on K let f(X)=6(X, C), and for every point X 
of M which is not on K let f(X) =6(X, K). 

It is easy to see that f(x, y,--- ), thus defined over M 
satisfies both conditions of Theorem A. But since no point 
of the sequence Pi, Pe, P3,---, belongs to K, and since 
6(P,, P)—0 as n—~, then f(P,)—-0 asn—~. But f(P) £0. 
Hence f(x, y,---) is not continuous at P. It follows that 
the condition of Theorem I is necessary. 


THEOREM II. In order that Theorem A should be valid for 
functions defined over a point set M, (closed or not), it 1s 
sufficient that M should be arcwise connected im kleinen.* 


Theorem II can be proved by an argument almost identical 
with the first part of the proof of Theorem I. 

It is interesting to note that Theorem A is a special case 
of Theorem II, since every open region is arcwise connected 
im kleinen. 

It can easily be shown by means of an example similar 
to the one given in the second part of the proof of Theorem I 
that in order that Theorem A should be valid for functions 
defined over a point set M, (closed or not), it is necessary 
that MW should be connected im kleinen. It would be in- 
teresting to determine a necessary and sufficient condition 
on a point set MM, which is otherwise unrestricted, in order 
that Theorem A should be valid for functions defined over 
M. 


UNIVERSITY OF TEXAS 


* A point set M is arcwise connected im kleinen provided that for 
every point P of M and every positive number € there exists a positive 
number éep such that every point X of M such that 6(X, P)<6,p can be 
joined to P by a simple continuous are which is a subset of M and is of 
and “‘arc- 


diameter less than e«. The properties ‘‘connected im kleinen’ 
wise connected im kleinen”’ are equivalent for closed point sets. 


= 
= 
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INVARIANT RELATIONS 
BY F. H. MURRAY 


1. Introduction. In a preceding paper* a discussion was 
given of the systems of invariant relations as defined by 
Poincaré.j The methods employed there required that all 
the functions appearing in the differential system or in the 
invariant relations should be analytic. This restriction is not 
essential, however, and it is the object of the present note to 
give a corresponding discussion in which the functions appear- 
ing are required to possess only a finite number of derivatives. 
The integration of the differential system by the method of 
successive approximations of Picard, after a suitable trans- 
formation, gives at once the justification for the name “in- 
variant relation.” 


2. Transformation of the Differential System. Suppose given 
a differential system 


and a system of equations 

(2) O21, = 0, (R= 
The functions X;, ¢,; are assumed to possess continuous 
paitial derivatives of the first and second orders with respect 


to all their arguments, lx; —x,°| <C. Assume that the equa- 


tions 


(3) > xX:— =90, 


* On certain families of orbits with arbitrary masses in the problem of 
three bodies, Transactions of this Society, vol. 28, pp. 74-77. 
{ Les Méthodes Nouvelles de la Mécanique Céleste, vol. 1, pp. 45-47. 


190 F. H. MURRAY [March-April, 


are a consequence of the equations (2); the equations (2) are 
then said to form a system of invariant relations. If the 
functions ¢; are not independent, but equations (2) are a 
consequence of a sub-set of these equations, then (3) is also a 
consequence of the equations of the sub-set, and the dis- 
cussion can be restricted to the smaller set. 

Without loss of generality, therefore, it may be assumed that 
the equations (2) are independent. It will be assumed also 
that the determinant 


| 
Or, | 
| 
| 
Ox, Ox, 
does not vanish for x;=x;°,7=1, - - - , m. Under these assump- 


tions the equations 
(4) 
can be solved forx:, - - - , xn, if |y;|Sa, (@=1, - - - ,n), if ais 


sufficiently small. If transformed functions are indicated by 
brackets, (1) becomes 


dy; 00; 
dt k=1 Ox; 
(1’) 
[X.] = Vilyi, 590), (kR=r+1---n). 
Now if y:=y2= --- =y,=0, equations (2) are satisfied, 
hence (3), and consequently Y,;= Y2= -- - = Y,=0, for all 


values of such that |y,,2|<a. Or, 


(5) 0, ¥r41; Wn) = 0, (i= 


3. Integration of the Equations. Consider a differential 
system 


dy; : 
(6) --- , Yn); = 
dt 
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in which the functions Y; satisfy the conditions 
Y,(0, »¥n) = 0, (i= 1, 


WA 
~ 
| 
| 
= 


in the region 
(7) ys | 


Suppose K =}>7_, A;; the system (6) can now be integrated 
by the method of successive approximations of Picard: 


t 
yi = f 
0 
and in general 


t 
yi) = f 
0 


(¢=1,--- m;k =1,2,3,---) 
The series 


converges uniformly in ¢ if ¢<T, 
K M 


Y,(0,--- ,0) =0, 1,---,9); 


By hypothesis, 


consequently 
yi() = 0, (¢=1,---,9). 
Also 
YO, ¥¢41,°°° = 0, (¢ - =< 
whence 
OK<tSsT, ine 


By the method of induction it is seen at once that every one of 
the functions y;“(¢=1, - - - , r) vanishes identically in ¢, and 
consequently the sum of the series y; must likewise vanish 
identically. If the conditions y° =0, (t=1, - - -, r), are satisfied, 
then y; vanishes identically for tS T. 
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Suppose that after the transformation of §1, the differential 
system satisfies the hypotheses stated at the beginning of this 
paragraph. The equations [¢;]..c=0 imply the equations 
vy, =0, (¢=1, - - -, which imply that 


Vi = , Xn) = O,7 Os 7 (4 


The equations (2) are satisfied, therefore, for all values of 
t<T, and the name “invariant relations’, applied to (2), is 
completely justified. 
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DETERMINATION OF THE NUMBER OF SUB- 
GROUPS OF AN ABELIAN GROUP 


BY G. A. MILLER 


The present note aims to exhibit a simple method for 
finding the total number of the subgroups contained in an 
arbitrary abelian group G of order g. It will be shown that 
this problem can be reduced to a determination of the number 
of ways in which the first / independent generators of highest 
order of a given prime power abelian group can be selected. 
Hence we shall first consider this question. Therefore we 
shall assume for the present that g is of the form p”, p 
being a prime number, and that G has & largest invariants 
which are separately equal to p*. It is well known that 
G contains a fundamental characteristic subgroup of order 
b* and of type (1,1, 1,---).* Each operator of order p 
contained in this subgroup is the p*—! power of p”—* operators 
of G, and no other operator of order » contained in G has 
this property. After selecting ]<k independent generato:s 
of highest order in a set of such generators the next inde- 
pendent generator of this order can therefore be selected in 


(p* p')pm* 


* G. A. Miller, American Journal of Mathematics, vol. 27 (1905), p. 15. 


| 
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different ways, since every operator of order p* which does 
not generate an operator of order p contained in the group 
generated by the given / independent generators can be 
used as such an additional generator. Hence the first 
l independent generators of order p* can be selected in 


l-1 
90) 
z=0 
different ways. 

From this formula it results directly that after 1, inde- 
pendent generators of order p* in a set of such generators of 
G have been selected, /, additional such generators can be 
selected in 


different ways whenever 1: +/,<k. To select a set of inde- 
pendent generators of a subgroup H of G, when g is of the 
form p”, we may obviously proceed as follows: Consider 
the characteristic subgroup of G which is generated by its 
operators whose order is equal to the largest invariant of H. 
The number &; of independent generators of highest order 
in a set of reduced independent generators of this charac- 
teristic subgroup of order p”, is evidently equal to the 
number of the invariants of G which are not less than the 
largest invariant of H. The number of different ways in 
which the /’ largest independent generators of H in a set of 
such reduced independent generators can be selected from 
the operators of G is given by the formula noted at the close 
of the preceding paragraph, when m, k, and / are replaced 
by m, ki, and I’ respectively. After these /’ independent 
generators have been selected we may consider the character- 
istic subgroup generated by all the operators of G whose 
order is equal to the second largest invariant of H, in case 
H has different invariants. The number of different ways 
in which the /7 next to the largest independent generators 
in a set of reduced generators of H can be selected from the 


| 
| 


194 G. A. MILLER (March-April, 


operators of this second characteristic subgroup is given by 
the formula of the present paragraph, since these // gener- 
ators have been preceded by the I’ generators of highest 
order, in a set of reduced independent generators of H. 

When the invariants of H have more than two different 
values we obviously repeat this process by considering 
next the characteristic subgroup of G which is generated 
by all its operators whose order is equal to the third largest 
invariant of H and letting /7’ be the number of operators 
of this order in a set of reduced independent generators of H 
while /{’ represents the number of all the larger operators in 
such a set. Hence it is clear that the given formulas suffice 
to determ.ie the number of ways in which a set of reduced 
independent generators of H can be selected from the 
operators of G, and if this number is divided by the number 
of ways in which such a set can be selected from the operators 
of H itself, which is given by the same formulas, the quotient 
is equal to the number of the different subgroups contained 
in G which are separately of the same type as H is. This, 
therefore, solves the problem of determining the number 
of the subgroups of G whenever g is a power of a prime 
number. When g does not have this property G is the direct 
product of its Sylow subgroups and the subgroups of G are 
the direct products of their Sylow constituents whenever 
they are not prime power subgroups. The number of such 
subgroups having given invariants is therefore equal to the 
product of the numbers of the possible ways in which the 
Sylow subgroups involved therein can be selected from the 
corresponding subgroups of G. Hence the problem of deter- 
mining the number of the subgroups involved in G is com- 
pletely solved by the formulas noted above. 
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THE ASYMPTOTIC OSCULATING QUADRICS OF A 
CURVE ON A SURFACE 


BY E. P. LANE 


1. Definition. Let us consider a surface S, a curve C on 
S, and three neighboring points P, P:, Pz, on C. The three 
tangents at these points to the asymptotic curves of one 
family determine a quadric whose limit, as Pi, P, indepen- 
dently approach P along C, is a quadric called* by Bompiani 
an asymptotic osculating quadric of C at P. A second asymp- 
totic osculating quadric is obtained by using the other family 
of asymptotics. We shall now derive the equations of these 
quadrics, using Wilczynski’s notation, and shall deduce 
some of their fundamental properties. 


2. Equations. Let the four homogeneous coordinates y 
of a point P on a non-degenerate non-developable surface 
S be given as analytic functions of two independent variables 
u, v; and let the curves u=const., v=const. be the asymp- 
totics. Then the functions y, when multiplied by a suitably 
chosen proportionality factor, are solutions of Wilczynski’s 
canonical system of differential equations, 


(1) Yuu 2by, fy 0, Vor 2a’ yu Ly = 0. 


The one-parameter family of curves on S represented by 
the equation 


(2) dv — hdu = 0 


contains one curve C through P. The coordinates Y of any 
point P, on C near P are given by an expansion of the form 


* Bompiani, Geometria delle superficie considerate nello spazio rigato, 
Rendiconti dei Lincei, 1926. 


4 1 24 
du 2 du? 


196 E. P. LANE [March-April, 
If the points y, Yu, Ye, Yu» are used as the vertices of a local 


tetrahedron of reference with a suitably chosen unit point, 
the local coordinates x; of P; are represented by the series 


1 1 1 
+ gr*)Au? + | - + 5 — 


1 1 
+ —(2a’f — — Jaw 4+---, 


1 

2 
- 

Xo = Au — a’r?An? + | - + 2a’br 


1 1 
(3) + 2a, — an’ +---, 


1 1 
hAu — (3 ~ aw E by 
2 3 


1 1 1 
f + 2b,)A + 2a’br? + a jw ~ 
i 6 6 


X3 


1 3 
x4 = Au? — +6— 
3 2 


where X’, X” are total derivatives of }\. The derivatives of 
these series with respect to Au are the coordinates x; of a 
point on the tangent of the asymptotic v=const. through 
P;. And any point on this tangent is given by a linear 
combination of the form 


ni = hx; + Rxin. 


If now the algebraic equation of a quadric surface is 
subjected to the condition that it be satisfied by the functions 
n identically in h, k and in Au up to and including terms in 
Au?, the result is 

f (2a’bd? — 26,4? — + 2b? + DN’) xe + 2hrAx3%4 
(4) 
This is the equation of the first asymptotic osculating quadric 


QO™ of Cat P. The equation of the second asymptotic osculating 
guadric QQ of Cat P 1s 
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(5) (2a’b — 2a.) — a; r? + — a'r’) x? — 
+ — + = 0. 


3. Properties. Some simple properties of the quadrics 
Q™) and Q“) will now be deduced. First of all, it is clear 
that the tangent plane x,=0 of S at P cuts each of these 
quadrics in the asymptotic tangents x.%3;=0. And Q™ 
becomes the quadric Q of Lie, whose equation is 


(6) X1X%4 ~ 2a’ bx? = 0, 


in case A>, while Q‘ becomes the quadric of Lie in 
case \=0. The quadrics Q™ and Q™ coincide only for a 
curve C which is tangent to a curve of Darboux, a’A?+5=0, 
on a surface for which 


a’| —log a’2b | = —log a’b? | - 
E ad | Ov 


We shall suppose from now on that Q, 0“, Q“™ are distinct, 
and that S is unrestricted. 
The result of eliminating \’ from equations (4) and (5) is 


+ — + 20’bx?) 


+ 2 + — A—log ab 
(7) (2 ou 


— \*— log = 0. 
ov 


This is a quadric of Darboux through the intersection of 
Q™ and Q®. For acurve C which passes through P tangent 
to a curve of Darboux this quadric becomes the tangent 
plane counted twice, so that the intersection of Q™) and 
Q® is the asymptotic tangents each counted twice; in 
this case Q“™ and Q“ are tangent to each other at every 
point of each asymptotic tangent. 

We have found here a new characterization of the di- 
rections of Darboux: the directions of Darboux are the di- 


= 
FA 
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rections of curves whose asymptotic osculating quadrics intersect 
only in the asymptotic tangents.* 

The quadrics Q™ and Q™ intersect, besides in the asymp- 
totic tangents, also in a residual conic which lies in the plane 
whose equation is 
+ b)(x3 — Axe) + + — — 5?) 
( 

+ — b,) + A*%(a/ — a4 = 0, 


obtained by eliminating x; from equations (4) and (5). This 
plane cuts the tangent plane x,=0 in the line x3—Ax,.=0, 
which is tangent to C at P; and the residual conic has this 
line for tangent at P. 

The equation of the osculating plane of C at P is 


(9) 2r(x3 — Axe) — — 2b)x, = 0 
This plane coincides with the plane (8) in case C is such that 
(10) 2(a’d3 + + — Bu) + AX(a/ AF — 25,) = O. 


But this is the differential equation} of the pangeodesics. 
Thus we have found a new characterization of the pangeo- 
desics: a curve is a pangeodesic in case its osculating plane 
contains the residual conic of intersection of its asymptotic 
osculating quadrics. 

The quadric of Lie intersects Q™ in the asymptotic 
tangents and in a conic which lies in the plane 


(11) — + + 2b? — BUA — x4 = O. 
This plane coincides with the osculating plane of C in case 
C is such that 
(12) + 2a’bdA? — 2b,A? — = O. 

The importance of the pole-polar correspondence with 
respect to the quadric of Lie in the projective differential 


geometry of surfaces suggests that the polar relation with 
respect to the quadrics Q™ and Q“ would be of interest. 


* This theorem was also found by Bompiani. See Fubini and Cech, 
Geometria Proiettivo Differentiale, vol. 2, Appendix 2. 
+ Fubini and Cech, Geometria Proiettiva Differenziale, p. 147. 


— 
= 
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We shall merely mention here that a curve C defines by 
means of these quadrics a collineation in the tangent plane 
such that to any point x corresponds that point x’ which has 
the same polar plane with respect to QQ“ as the point x has 
with respect to Q™. The equations of this collineation are 


f pxi = + + — Axe), 


px, = 2x2, = 


(13) 


This collineation is an elation, with the tangent of C for 
axis and with the point P for center. It is the identity if C 
is tangent to a curve of Darboux. 


4. Conjugate Asymptotic Osculating Quadrics. The family 
of curves 


(14) dv + X\du = 0 


is conjugate to the family (2). The curve C_, of this family 
through P is conjugate to the curve C, of the family (2) 
through P, so that the corresponding quadrics Q,“, Q..“™ 
and Q,°, Q.,“ may be called conjugate. The equations 
of conjugate quadrics differ only in the sign of X. 

It is easy to verify that Q,™ and Q_,.™, intersecting in 
the asymptotic tangents, are tangent to each other along 
the line x2=x,;=0. The remainder of their intersection is 
the straight line 


1 dr, b, b 


+ (20% =U, 


which intersects the asymptotic tangent x.=x,=0 in the 


point 
*.0,1,0) 


(; A» 0 
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Similarly, the quadrics Q,“ and Q_,“ define the point 
A. 
2 A a’ 
on the other asymptotic tangent. The line joining these 


two points coincides with the ray of the conjugate net X, 
which joins the points 


1 X, b 1 
2 2 


in case 


Then the surface S has the property 


log a’b = 0, 

so that, after a change of parameters, a’b=1, \=const. b. 
For such surfaces Wilczynski’s canonical form (1) of the 
differential equations coincides with Fubini’s canonical 
form.* The line y, yu». is therefore the projective normal. 
The curvature of Fubini’s fundamental form ¢2:=8a’b du dv 
is zero, and the mean projective curvature? is —2. 

We reach thus the following conclusion. A surface has 
mean projective curvature equal to —2 if, and only tf, there 
exists on it a conjugate net whose ray, for each surface point, 
coincides with the line joining the points on the asymptotic 
tangents where each of these tangents is met by the residual 
line of intersection of a pair of conjugate asymptotic osculating 
quadrics of the curves of the conjugate net through the surface 
point. 


UNIVERSITY OF BOLOGNA 


* Lane, Wilczynski’s and Fubini's canonical systems of differential equa- 
tions, this Bulletin, vol. 32 (1926), p. 365. 
+ Fubini and Cech, loc. cit., p. 146. 
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A NEW CHARACTERIZATION OF PLANE 
CONTINUOUS CURVES* 


BY W. L. AYRES 


A number of authorsf have given necessary and sufficient 
conditions that a bounded continuum be a continuous curve. 
However new conditions are always of interest as no one 
characterization applies without difficulty to all problems. 
It is the purpose of this paper to give a new necessary and 
sufficient condition that a bounded plane continuum be a 
continuous curve. Also this gives a condition under which a 
subcontinuum of a continuous curve is itself a continuous 
curve. Finally we prove a new property of continuous curves. 


THEOREM I. In order that a continuum N, which is a subset 
of a plane continuous curve M and such that M—WN consists of 
a finite number of maximal connected subsets}, be a continuous 
curve, it is necessary and sufficient that if P;, P2, P3,--- 1s 
any sequence of distinct points of a maximal connected subset 
of M-—N which has a sequential limit point P, then there 
exists an increasing sequence of positive integers nx, N2, 


* Presented to the Society, October 30, 1926. 

¢ For definitions relating to and characterizations of continuous 
curves, see R. L. Moore, Report on continuous curves from the viewpoint of 
analysis situs, this Bulletin, vol. 29 (1923), pp. 289-302. Hereafter we 
shall refer to this paper as Report. See also R. L. Wilder, A property which 
characterizes continuous curves, Proceedings of the National Academy, 
vol. 11 (1925), pp. 725-728; R. L. Moore, A characterization of a continuous 
curve, Fundamenta Mathematicae, vol. 7 (1925), pp. 302-7; H. M. Gehman, 
Some conditions under which a continuum is a continuous curve, Annals of 
Mathematics, vol. 27 (1926), pp. 381-4; R. L. Wilder, A characterization 
of continuous curves by a property of their open subsets, this Bulletin, vol. 
32 (1926), p. 217. 

{ A point set K which is a subset of a point set M is said to be a proper 
subset of M if M—K is not vacuous. A connected subset K of a point set 
M is said to be a maximal connected subset of M if K is not a proper subset 
of any connected subset of M. 


— 
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and a set of arcs of M—N, Pu,Pny, PnzPny* Such that 
the set P+ Pa Pu.,, is closed. 


Ni+l 


Proor. A. The condition is necessary. Let Pi, Pe, Ps, - - - 
be any sequence of points of a maximal connected subset D 
of M—WN which has a sequential limit point P. There are 
two Cases to consider. 

(a). If P is a point of M—WN, D contains P and there 
exists a circle C; with center at P which encloses no point 
of N. We may suppose that for every 1, P;*P, for if any P; 
were P we could drop this point from the sequence and con- 
sider the remainder. Since M is connected im kleinen, there 
exists a circle C2, with center at P such that r2$7,/2, where 
r; denotes the radius of C;, and such that every point of M@ 
in the interior of C, can be joined to P by an arc* of M which 
lies wholly in the interior of C,. Let m; be the smallest integer 
sO that P,, is interior to C2. In general there exists a circle 
Ci: with center at P such that 7;;:S7;/2 and P,,_, lies in 
the exterior of C;,; and such that every point of M in the 
interior of C;,,; can be joined to P by an arc of M which lies 
wholly in the interior of C;. Let n; be the smallest integer 
such that P,; lies in the interior of C;,; and let P,;P denote 
the arc of M (actually of I/—N) whose existence is shown 
above. For every i, the set P,;P+P,;,,P contains an arc 
P,;P,;,, from P,; to P,;,,. Since every arc P,;Pn;,, lies in 
the interior of the circle C; and the numbers 7; approach 0 
as i increases, the set P+}0 7, Pa:Pn,,, is closed. 

(b). If P is a point of N, let C, be a circle with center at 
P and radius r so small that N and D contain points exterior 
to C,. This is possible unless N is identical with M and in 
this case our theorem is obvious. Let Du, Die, Dis, - - - be 
the maximal connected subsets of D - I(C1).f 


* That this can be done by an arc, see J. R. Kline, Concerning the ap- 
proachability of simple closed and open curves, Transactions of this Society, 
vol. 21 (1920), page 453 and footnote. 

t If C isa circle, I(C) denotes the interior of C. If A and Bare point 
sets, A - B denotes the set of points common to A and B. 
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We shall show that one of these sets, which we will 
denote by D,, contains infinitely many of the points P,. 
If this is not true, then if C, denotes the circle with center 
at P radius r/2, for infinitely many values of 1, D,; has a 
point within C, and C, contains a limit point of D,;. Thus 
infinitely many of the sets D,; are of diameter greater than 
r/4. But this contradicts the theorem that if M+(C, and 
N+C, are continuous curves and N+(C, is a subset of 
M+C,; then M+C,—(N+(Ci) cannot contain more than a 
finite number of maximal connected subsets of diameter 
greater than 1,/4.* 

Let m; be the smallest integer such that D, contains P,,. 
Similarly one, D2, of the maximal connected subsets of 
D, - I(C2) contains infinitely many of the points P;. Let m2 
be the smallest integer greater than m; such that D2 contains 
P,,. In general let C;(j7=1, 2,3, - - -) be acircle with center 
at P and radius r/j and let D; be a maximal connected subset 
of D;1-I(C;) which contains infinitely many points of 
the sequence [P;]. Let ; be the smallest integer greater 
than n;, such that P,; lies in D;. For every j, D; contains 
an arc P,;P,,;,.— Since for every j, the arc P,;P,-,, lies 
interior to C; we see easily that the set P+ )>;-; P Pa; 18 
closed. 

B. The condition is sufficient. If N is not a continuous 
curve there existf two concentric circles K; and Kz and a 
countable infinity of continua NW, Ni, Ne, Nz, - - - , such that 
(1) each of these continua belongs to N, contains a point on 
K, and a point on K; and is a subset of the set H which is 
composed of Ki+K2+J, I denoting the annular domain 
between K, and Ko, (2) no two of these continua have a point 
in common and, indeed, no one of them except possibly 
W is a proper subset of any connected subset of N - H, 


* See the abstract of my paper, Concerning the arcs and domains of a 
continuous curve, this Bulletin, vol. 32 (1926), p. 37. 

t See R. L. Moore, Concerning continuous curves in the plane, Mathe- 
matische Zeitschrift, vol. 15 (1922), pp. 254-260. 

t See Report, p. 296. 
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(3) the set W is the sequential limiting set of the sequence of 
sets Ni, No, N3, -- -. For each 7, let A; and B; be points of 
K, - N; and Kz - N; respectively. There exist arcs X,YiA 
and X2¥2B of K, and Kz and an increasing sequence of 
integers M2, m3, such that X,¥Y;A contains A,, for 
every i and in the order X:¥:A,,An,-°+A and X2Y2B 
contains B,,; for every 7 and in the order X2¥2B,,B,, - - - B. 

Let P denote a point of W which lies in J. There exists 
a circle C; with center at P such that C,, together with its 
interior, lies in J. Let rm, be the radius of C,. Since M is 
connected im kleinen at P there exists in any circle C; a 
concentric circle C; such that every point of M within C; 
can be joined to P by an arc of M lying wholly within C;. 
Let Nu=WN,., where j has the smallest value such that 
N,; contains a point Q; within C,;. There exists an arc 
PQ; of M lying wholly in C,. The arc PQ; from P to Q, 
contains a first point £; in common with Ny and the arc 
E,P, a subset of Q,P, has a first point F; in common with 
N. The set {E,F,}* contains a point P; of M—N. Let C, 
be a circle with center at P and radius r2<17,/2 such that P, 
and N;; lie in the exterior of C2. Let Nw=N,;, where j has 
the smallest value such that N,, contains a point Q; within 
C2. Let us determine a point P: of M—N as above. Continue 
this process indefinitely each time taking C; with center at 
P and radius r;Sr;_;/2 and such that P; and Mi;_; lie out- 
side C;. Thus we obtain an infinite sequence of points Pi, Ps, 
P;,---, and continua Nu, Nis, ---, such that (1) 
P; belongs to M—WN and lies interior to C; and thus P is 
the sequential limit point of the sequence [P;], (2) {EF} 
contains P,, where C; encloses E;F;, and {E,F;} contains no 
point of N,;+N. 

Since 1 —N consists of only a finite number of maximal 
connected subsets one of these must contain infinitely many 
of the points [P;] say Pi, Po, Ps, -- -. For each i, let D; be 
the maximal connected subset of M+Ki+K2—(N+™i; 


* If AB is an arc from A to B then {AB} denotes AB—(A+B). 
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+K,i+K:2)* which contains P;. We see easily that there 
exists an integer fz such that P; does not lie in D,,. Then any 
arc of M—N from P,;, (t:=1) to P;,f must contain a point 
of either K, or Kz. There exists an integer t;>t, such that 
D,, does not contain P;,. In general there exists an integer 
t;>t;1 such that D;; does not contain P,,, and thus any 
arc of M—N from P;;_, to P;; must contain a point of K, 
or Ke. Let p:=P;,;. Then if ki, ke, --- is any increasing 
sequence of positive integers, the set N must contain a 
limit point of the set P+ px; pe;,, which lies on Ky 
or Kz and thus the set cannot be closed. But this set is 
closed by hypothesis. Thus the condition is sufficient. 


THEOREM II. In order that a bounded plane continuum M 
be a continuous curve, it is necessary and sufficient that (1) 
for any given positive number ¢€ there are not more than a 
finite number of complementary domains of M of diameter 
greater than e€; (2) tf P:, Po» P3,--- is any sequence of 
distinct points of a complementary domain D of M which has 
a sequential limit point P, then there exists an increasing 
sequence of positive integers, ni, M2, M3,---, and a sequence 
D, Pi Pa Pag Pa Pan * that the set 
P+ Pai Pais, is closed. 


Proor. The necessity of condition (1) has been proved 
by Schoenflies.~ The necessity of condition (2) can be 
proved exactly as in Theorem I since no property of the 
continuous curve M was used that is not also a property of 
the entire space. The sufficiency of the conditions is proved 
as in Theorem I except that the fact that some one comple- 
mentary domain of M contains infinitely many of the points 
P,, Pz, P3,---, which are chosen in the course of the 
argument, follows from condition (1) rather than the con- 
dition M—WN consists of a finite number of maximal connected 
subsets. 


* If P;=P;, then N,; denotes Nj;. 

+ For the proof that such an arc exists, see R. L. Moore, Concerning 
continuous curves in the plane, loc. cit. 

t See Report, pp. 290, 291. 
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THEOREM III. Jf M is a plane continuous curve then M 
cannot contain, for any positive number ¢€, an infinite number 
of mutually exclusive continua M,, M2, M3,---, such that 
(1) the diameter of each set M; is greater than ¢e, (2) M—M; 
is closed except for a set K; and if n is any positive number 
there exists an integer n, so that if i>n, then K; can be en- 
closed in twe circles each of radius less than n. 


Proor. Suppose that there exists a positive number ¢€ 
and a continuous curve M such that M contains an infinite 
number of continua M,, Me, M3,---, which satisfy re- 
strictions (1) and (2) of the theorem. From condition (2) it 
follows that we may divide each set K; into two subsets 
K,; and Ke; such that 

lim d(K,;) =0 and lim d(K2;) =0.* 

For each and j (i=1, 2, 3, - - - , j7=1, 2) let Aj; be a point 
of K;;, unless K;; is vacuous, For no value of 7 can both 
K,; and Ke; be vacuous. Several cases arise here according 
to the existence or non-existence of the various points A ji 
but we can see easily that there exist a point A or two points 
A and B and an increasing sequence of integers m, me, 
mM3,---, such that either (1) Kinz; is vacuous for each 
i, and A is the sequential limit point of [Aen;], (2) Ken; is 
vacuous for each 7 and A is the sequential limit point of 
[Ain;], (3) all of the points of the sequences [A1,,] and 
[Ao,;] exist and A is the sequential limit point of each 
sequence, or (4) all of the points of the sequences [A1,,| and 
[Aen;] exist and A and B are the sequential limit points of 
the sequences [A:,;] and [As,,;] respectively (A#B). For 
cases (1), (2) and (3), let t=e€; for case (4) let t=d(A, B). 
By condition (2) of the hypothesis of the theorem, there 
exists an integer k; so that if 17>, then 


(Kin) <t/12 and = d(Kn;) <#/12. 


* If K is a set of points the notation d(K) denotes the diameter of K. 
If A and B are two points the notation d(A, B) denotes the distance from 
A to B. 
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Also there exists an integer ke so that if 17>, then either 


Case (1) d(Azn;, A) <t/12, 
or 
Case (2) d(Ain;, A) <t/12, 
or 


Case (3) d(Ain;, A)<t/12 and d(Aan;, A) <t/12, 
or 
Case (4) d(Ain;, A)<t/12 and d(Aon,;, B) <t/12. 


In any case if ks=kit+k, and 17>; then the circle C; 
with center at A and radius ¢/6, or the circles C; and C, 
with centers at A and B and radii ¢/6, enclose every point 
of K,;- For every 1>k3, M,; contains a point p; such that 
d(A, p:;)>t/3 and d(B, p;)>t/3 (if B exists). The sequence 
Mn, Contains a subsequence M;, Me, M3, 

-, such that (1) for every 7, if M;=M,; then j>ks, 
(2) for every i, if M;=M,; and Misi=Mam then j<m, 
(3) the points j:, pe, ps, - - - * have a sequential limit point 
P. It follows that M contains P, that d(P, A)2t/3 and 
d(P, B) 2t/3 (if B exists) and that if C3 is a circle of radius 
t/6 with P as a center then no point of any set K; is within 
C;. As M is connected im kleinen at P the circle C; encloses 
a concentric circle C; such that every point of M within C, can 
be joined to P by an arc of M which lies entirely in C3. Let 
p. be the first point of the sequence [j;| within the circle 
Cy. There exists an arc a from p, to P which lies wholly in 
C3. Let a =M,-a and a.=a—a. Asais connected one of 
these sets must contain a limit point of the other. The set ., 
and consequently a;,isclosed. Then a must contain a limit 
point g of a. As M, contains a, and M—M, contains 
a, by definition g must belong to K,. But no point of K, is 
within C; while a is entirely within C;. Thus the supposition 
that M contains an infinite set of this type has led to a 
contradiction. 

The preceding theorem implies as an immediate corollary 
the following rather useful result. 


then P; denotes Pr;- 
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THEOREM IV.* Jf M is a plane continuous curve then M 
cannot contain, for any positive number ¢€, an infinite number 
of arcs of diameter greater than € which are mutually exclusive 
except possibly for common end-points and such that if a 1s 
any one of this set of arcs then M—{a} is closed. 


That Theorem I no longer remains true when the con- 
dition that ““1J—WN consists of a finite number of maximal 
connected subsets’”’ is removed, even with the addition of 
the condition that “for any positive number e, 4 — N contains 
only a finite number of maximal connected subsets of diam- 
eter greater than e,”’ is shown by the following example. 
The modified conditions are necessary but not sufficient. 

Let N denote the set of points consisting of the intervals 
from (1, 0) to (0, 0) and from (0, 1) to (0, 0) together with the 
intervals from (1, 1/7) to (0, 1/z) for every positive integer 1. 
Let \/ be the set of points consisting of N together with the 
intervals from (j/7, 1/i) to (j/i, 0) for every positive integer 
j<iand for every positive integer 7. The modified conditions 
are then satisfied, but N is not a continuous curve. 

Theorem III gives a necessary condition that a bounded 
continuum be a continuous curve. The following example 
shows that this condition is not sufficient:— Let M be an 
indecomposable continuum of diameter 2 2¢€ and let » < €/10. 
Now suppose that ;, Me, M3, - - - isany sequence of mutu- 
ally exclusive subcontinua of M of diameter greater than e. 
As each set M; is a proper subcontinuum of an indecompos- 
able continuum it is a continuum of condensation of M.f 
Thus for each 1, K;=M;. Then no matter how large zis, K; 
cannot be enclosed in two circles each of radius less than 7. 
Thus satisfies the condition but is not a continuous curve. 


THE UNIVERSITY OF PENNSYLVANIA 


* This theorem was presented to the Society October 31, 1925. I am 
indebted to Dr. H. M. Gehman for the suggestion that this theorem might 
be generalized. The resulting study led to Theorem III of this paper. 

+ This example is due to Professor J. R. Kline. 

t Cf. Z. Janiszewski and C. Kuratowski, Sur les continus indécom- 
posables, Fundamenta Mathematicae, vol. 1 (1920), pp. 210-222. 
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A METHOD FOR ACCELERATING THE CONVER- 
GENCE IN THE PROCESS OF ITERATION* 


BY C. C. CAMP 


1. Introduction. The simplicity and directness of the pro- 
cess of iteration coupled with the fact that errors committed 
along the way do not vitiate the final result have won for the 
method a certain degree of widespread popularity. This has 
become imperiled, however, by the extreme slowness of the 
convergence in many cases. The object of the present paper 
is to overcome the difficulty by furnishing a powerful method 
based on the same kind of analysis as Newton’s but better 
adapted to the process of iteration. The common practice of 
taking half the sum of two successive approximations, one of 
which is too large and the other too small, is seen to be in- 
adequate by the following example: x =2+7 sin x. Here one 
iterates using the formula sin 1%.=(x,—2)/m. For x close to 
the true root m,=dx./dx,;=1/(m cos x2) = —.331 nearly. The 
half sum is no improvement here and one finds the same value 
for the ninth application of the formula as by unmodified 
iteration, provided one starts with x, as the equivalent of 164° 
in radians. This value is obtained by two applications of the 
new method. Its equivalent in degrees is 164.05131, and is 
correct to five decimals. 

By ordinary iteration it requires about a score of approx- 
imations to solve 6k+10e—*=107 correct to six decimals. The 
result, k=1.126261, is found by two applications of the new 
method by starting with k:=1.1, obtained graphically. Here 
m,=.548. One can use the half sum only when m is negative; 
and if m is near —1/3, no improvement results. The present 
method consists of one iteration and one application of for- 
mula (8), which may be regarded as a formula of interpolation 


* Presented to the Society, April 2, 1926. 
{ See Phillips, Differential Equations, p. 15, ex. 5. 
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or of extrapolation, according to the sign of m. In §2 the 
method is derived analytically and interpreted geometrically. 
The rapidity of the convergence is considered in §3, and the 
last three sections give modifications and extensions of the 
new method. It is obvious that one may also extend it so as 
to apply to functions which are merely tabulated by replacing 
m by a properly corrected first difference. 


2. Derivation and Interpretation of the New Method. Con- 
sider the equation 


(1) f(x) = 0, 


in which f is a real single-valued function of a real variable x, 
continuous together with its first and second derivatives in a 
properly chosen neighborhood of each root of (1). Let f be 
further restricted so that f’(xo) f’’(xo) #0, when =0. 
This implies that f possesses only a finite number of maxima 
and minima in the neighborhood of a zero. Let f, or a modifi- 
cation of f possessing the same desired zero, be decomposed 
into fi(x) —fe(x), so that 


(2) > 
in one of these neighborhoods 
(3) x8 6, 


where 6 is sufficiently small. That this is always possible is 
obvious from the following choice 


f(x) 


= x, (x) =x 


where M(x) is a function which equals f’(x) at a root of (1) 
and possesses a continuous second derivative. By continuity 
M(x) will not vanish in some neighborhood (3). If |ff (xo) | 
> | fe (xo) | , then by continuity there will be a neighborhood 
about x» in which the minimum of the first is greater than the 
maximum of the second. Condition (2) will therefore be satis- 
fied if it holds for the one point x»=x;=x;. This is evidently 
true for the choice (4). 
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By Maclaurin’s Theorem we have 


= file) + fi (x2)Axe + fi’ (x2 + O2Ax2) 
(8) Ax? 
fol x) = + fz + (41 + 014%) 


where Ax, Axe =x—%2, 0<0,<1,0<4.<1. 
If we neglect infinitesimals of the first order we obtain 


(6) filxe) = 


the approximate relation used in the process of iteration. If 
instead of (5) we use the Law of the Mean in connection with 
(6), we get 


(7) x — %2 = (x — x1), 
fi (x2 + 02 Axe) 

where 0<6/ <1, 0<6/ <1. By assumption (2) this shows 
that the error in the second approximation is less than that 
in the first, provided x; lies in the neighborhood (3). Clearly x2 
will then lie in the same interval. 

If we neglect only infinitesimals of order two we have from 
(5) and (6), upon solving for x and denoting this new approx- 
imation by Ze, 


21 
(8) 
1—m 
where 
(9) m = (x1)/fi (xe). 


If we use (5) unchanged in connection with (6) and (8) we 
get 


4 i’ (x2 + O2Ax2)Ax? (x1 
fi (x2) — fe (x1) 


By calling m the coefficient of x—x; in (7) one may put this 


(10) 


in the form 


m f {' (x7) 


(11) = 
fi (x2) — fe (a1) 
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where x: and xj are arguments in the numerator of (10). Since 
the quantities in brackets are bounded above and below, it is 
clear that the approximation given by formula (8) will be 
closer than both x, and x2. when Ax, is sufficiently small. 
If we clear (8) of fractions 
and simplify we obtain 


(x1 — £2) [fi (xe) — (x1) 
= fi (x2)(%1 — x2), 


or, in the figure, DF—DA 
=AF. 

Newton’s method may 
be illustrated by using the 
tangents at A andG. His 
form gives 
(x1 — x2*) (x1) — fi (x) 
= fi(xi) — fo(m), 

\ or EG—EA=AG. 

The new method may be modified by drawing at A a secant 
line with slope equal to fz (x2) intersecting BF at K. The 
value of m is thus replaced by fe? (x2)/fi (x2) and the in- 
terpretation gives (x:—2)|[fo! (x2) (x2)] =fi (x2)(x1—x2) or 
NF-—NA=AF, where 72 is the abscissa of K, and N is the 
intersection of A F and a horizontal line through K. 


3. Rapidity of the Convergence of Ordinary Iteration and of 
the New Method. For ordinary iteration one has from (7), 
Ax,=mAx;. An upper bound for | m| may be found by re- 
placing the numerator by an upper bound | fi | and the de- 
nominator by a lower bound |// | in the interval xo— | Ax, | <x 
<x o+ | Ax;|. If the resulting quotient is called M, one has a 
method of determining an upper bound for the number of 
successive approximations required for attaining a given de- 
gree of accuracy by pure iteration. For instance, if the error 
allowed is 10-*, since obviously | Ax;| <M?|Ax,| and in 
general | Ax;|< M*"| Ax, |, we need simply to determine i—1 


Y | 
Va 
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from the relation M‘-!| Ax, |=10-*. Hence the number sought 
is 


(12) m=i-—1=(— k — 


Likewise one may obtain a lower bound for the number by 
replacing M by a lower bound for |m|. | Ax: | may be replaced 
by a lower bound in the latter case and by an upper bound in 
(12). 

From (11) one can estimate the errors made by using (8) in 
place of (5). Since the quantities in brackets are bounded 
above and below, evidently 


(13) lx < kAx?, 


where & is a constant. 
By repeated applications the sequence of values obtained 
from 


= + —————_ 
(14) k k—1 raga 
= fo(xe-1), (k = 2,3,4,---) 
where m =fz (xi_1)/fi (xx), will have errors which are not great- 
er than 


pe?, pe*, pe®, --- , where pe = |Azx|, p= = 
In Newton’s method one has similarly 
fi" (x1 + O3Ax1) — fe" + 0421) 

fi (as) — } 


(15) 


The two methods coincide when f(x) is a linear function. 
But the new method is more powerful than Newton’s in the 
following extensive cases: 

Case I. When f(x) is non-linear, f{/‘ (x) is of constant sign 
and f2(x) is linear in the interval 


(16) wo — S$ x + |Am|; 


=| 
— 
— 
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Case II. When ff’ (x), f¢’(x) are of opposite sign and 
fi (x), fg (x) are each of constant sign in some interval (16). 

We choose Ax; small enough so that an application of New- 
ton’s method will give x abetter value than x. It is sufficient* 
if x; is so chosen that 


| filmi) — fo(x1) 
| ft (x1) (x1) 


where A is the minimum of | f/ (x) —f¢ (x) | and B is the maxi- 
mum of | f{’ (x) —f¢’ (x) | in the interval between x; and 


2[f:(a1) — fo(x1)] 
fi (a1) fd (%1) 

Both cases may be proved geometrically. In Case I, since 
| fi (x) |> | f2 (x) |, evidently f; will be monotonic and have a 
continuously turning tangent in view of the fact that f/’ is of 
constant sign: The same is true for f;(x) and fe(x) in Case IT. 
In either case let these curves intersect at C whose abscissa is 
xo in the restricted interval. Draw tangents at A on f; and at 
B on fe for x=x;. Call the intersection of the tangents D. A 
horizontal line through B cuts f; at E, at which a tangent is 
drawn intersecting BD at F. The tangent at any point of arc 
AC will cut BD in a point of the line segment DG where G is 
the point on BD with the same abscissa as C. The abscissa 
%, of F will therefore be between x” and xo the true value of 
the root. 

As an illustration of Case I let us take the famous Wallis 
equation, namely x*=2x+5. Here if x.=2, m,=.1541. By 
Barlow’s Tables 1/(1—) = 1.182, x2=2.08, Z:=2.09456. By 
iteration, x3;=2.094552776, and #,=2.094551483, where 
1/(1—m2)=1.179. The result of two applications of the new 
method thus furnishes nine digits correct.| The same number 
is furnished by Newton’s method with three applications. 
Iteration requires six operations to get six digits correct. 


| 
| 
| 


ay = 


* Cf. Cauchy, (Euvres Completes, (2), vol 4 (1899), p. 576, Theorem 
Ill. 
7 Cf. Whittaker and Robinson, The Calculus of Observations, p. 86. 
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4. Modifications of the Method. Just as one may modify 
Newton’s method by various substitutions for the derivative, 
so it is expedient at times to change the value of m. One may 
determine approximately by sketching the curves whether a 
secant line drawn at x=, on fe with a slope f? (x2) will tend 
to accelerate the convergence still further in the early terms 
of the sequence. With certain combinations of f; and f2 this 
also simplifies the form of m and is very effective in diminish- 
ing the arithmetic. Formula (9) then becomes 


(17) m = f4(x2)/fi (x2), 


and both advantages are shown in the following example: 
4x2=x?+5. Here m=3x./8. If we take x,=1.4 then 
X2= 1.391402, and by the modified form 2,= 1.38202 whereas 
¥2=1.3817745 by (8), (9). Then by iteration from 2. we have 
x3= 1.381994 and by (17) 73=1.38196603. This is correct to 
eight figures. 

One may make small errors either accidentally, by choosing 
simple values for 1/(1—m) or by using the same value of 
m more than once. The final result is correct as illustrated by 
the problem, y=.5—logio y. By inspection the initial value 
found from a table was y,;=.6675; m was taken as —.65 and 
by error ye was found to be .6756. Accordingly ¥2=~:+.606 
X .0081 = .6724. By (6) ys=.6723723 and by using .606 again 
¥3=.6723832 which checks to seven digits. 

If the f’s have simple derivatives up to the third order, it 
may be desirable to use a formula which neglects infinitesi- 
mals of only the third order or higher. One needs merely to 
extend equations (5) to one more term each and then keep 
terms of the second order. It is easy to derive the new ap- 
proximation by using (6) and solving a quadratic in x. If we 
designate the new approximation by Z2, we have 


(18) fi" fe”) = fi = fi xife” 
+[(ft — ff)? + 2(x2 — 


where Q=(fz fi’ fz’, where fi, fi’ have 
the argument x2, and where f7 , f2’ have the argument x. One 


| 
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application each solves 4x?=x?+5 and the Wallis equation 
with errors beyond the sixth decimal place, provided the first 
approximations are 1.4 and 2, respectively. 


5. Extensions to Systems of Equations. The method may 
be extended to a system of m equations in m unknowns. Let 
us consider for simplicity the case m =2, and let the equations 
to be solved be 


(19) f(x,y) =0, g(x,y) = 0. 

Assume that the slopes of these curves at a common point 
(xo, Yo) are different and that in the neighborhood of each 
intersection the ordinate of each curve represents a single- 
valued function of x possessing continuous derivatives up to 
the second order. At a solution (xo, yo), the Jacobian does 
not vanish, i. e., 


(20) J =| | <0. 


Let f be broken up into fi(x, y)—fe(x, y) and g similarly 
into g(x, y)—ge(x, y) so that at the solution sought 


(21) and 


also, if possible so that 
+ lgorl < rigiz! 


where 0<r<1, and the subscripts x and y denote partial dif- 
ferentiations. Condition (22) is sufficient to insure the con- 
vergence of the sequence of iterated values obtained from 


the system 
(23) = fo(x1,91), 
(24) 81(%2, 91) = 91), 


since on account of continuity these inequalities will still hold 
if we keep x and y in sufficiently small intervals about xo and 


Sy! 


1927. ACCELERATION OF CONVERGENCE 217 


yo, respectively. To prove this it is sufficient to expand the f’s 
and g’s of x and y by Taylor’s theorem about the points indi- 
cated by the arguments in (23), (24) and then employ these 
equations. The errors in the sequences of values for x and y 
will then have zero for their limit. 

By extending the expansions to one more term each and then 
retaining only infinitesimals of order two, one obtains readily 
the analog of (8), namely 


(2 1 [(y2— — Soy 
m+ 
(25) D \(x2 — x1)giz, Siy — Say 
1 fiz fez; (y2 yi)fiy 
D 81z — S22, (x2 £12 


where D is the form taken by J when f, g are separated into 
parts and the arguments are changed to agree with (23), (24). 
These same arguments are to be understood in the partial 
derivatives of (25). It is clear that D will also be different from 
zero for a sufficiently small neighborhood of (xo, yo). It can 
be seen that if (x1, y:) is in such a neighborhood then (x2, ye) 
will be also, on account of (22). When | xo—x:|, | yo—y:| are 
sufficiently small, (2, ¥2) will also be inside this neighborhood 
and the sequence of values (xz, yx), (x, ¥x) found by repeat- 
ing the iterations 


26 
(26) £1(Xe41, Ve) = Xe, Ve), 


and applying (25) successively will converge to the solution 
(xo, Yo). 

It is obvious how the formulas would be written for the 
case of a greater number of variables n. 

In case the inequalities (22) do not hold for a given system 
it is easy to show that (19) can always be replaced by a new 
system 


19’) = 0, 


G(x,y) = 0, 


= 
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which will satisfy (21), (22), when rewritten in the form 
F=F,—F,, G=G,—G:. The new system will have the same 
solution as (19) if (20) is satisfied, provided (x, y) is confined 
to a sufficiently small region about (xo, yo). It is sufficient to 


choose 
1 | f(x,y), g(x,y) 


(27) = 2x, G2 => — 
J \filx,y), g(x,y)! 
1 | ’) Hex ’) 

J | f(x,y), g(x,y) 


The amount of arithmetic work may be shorter for this 
change in the equations to be solved than for more direct 
methods by which (19) can still be solved without (22) being 
satisfied. 

Geometrically one may solve a set (19) by the theory of the 
method for one variable, provided J+ 0, i. e., the curves (19) 
intersect without being tangent to each other. We assume as 
before that the functions defined by the graphs of (19) possess 
continuous second derivatives. By a proper choice of f’s and 
g’s suppose (21) is satisfied and that at (xo, yo) the slope of f 
is numerically less than that of the curve g. One may proceed 
as follows: 

First Method. After solving by a table, by interpolation, 
or graphically for an approximate solution (x, y,) of (19), one 
tests the value of y, by trial in (23) and then solves (24) for x». 
Next comes an application of the formula 


(29) 


where m,= g22(%1, ¥1)/g12(x2, ¥1). Equation (23) is then solved 
in which x; is replaced by Z2 and y; by y; as corrected above. 
One then employs the formula 
(30) Je = + 

1—m, 
where m,=fey(Z2, ¥1)/fiy(Z2, y2). The process is repeated until 
a set (xz, yz) is the same as (x41, Ye-1). 


1 — 
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Second Method. This is the same before the application of 
(29), in place of which one uses 


Xe— x slope of f at (x1, 
(31) Z. = x1 + where m = fat (x1, 91) 
1—m slope of g at (x2, y1) 
(fiz — foz)(8iy — 
(fiy Soy) (12 £22) 
wherein the arguments are the same as in (23), (24). The pro- 


cess is repeated as in the first method until the required accu- 
racy is reached. The following example illustrates the method : 


(32) 


f(x,y) = 5y* + a? — Ixy = 0, 
g(x,y) = + 2y?-1=0. 


Take fi=5y2, g=2y?. Fora 
first approximation start with x,= —.65, y:=.8. The second 
of conditions (22) is not satisfied and it is easily seen that (25) 
will give a diverging sequence. Nevertheless we can still obtain 
a solution as follows: 

The value y; improved by trial gives .7977; x2 from (24) 
= —.64844. Now m=-—.675, hence from (31) %=—.6491. 
From (23) ye=.798235. In (30) m,=—.1358 and 72=.79817; 
X3= —.649658 from (24); and from (31) if we use m= —.6725 
then Z;=—.649434; y;=.798070, J;=.798082 if we take 
My = — .136; — .6494036, —.649416 where m is not re- 
calculated. Finally ys=.7980875 and ¥,=.798087, where m, 
is kept as —.136. The results are correct to six decimals. 


6. Extension to the Determination of Complex Roots. Just 
as Newton’s method remains valid, so the method of iteration 
is applicable to the computation of complex roots. Moreover, 
the latter method is simpler and in case the modulus of m is 
sufficiently small it has the usual advantages. However, when 
the convergence is slow it is imperative to have a method which 
leads more rapidly to the root. That the present method will 
accelerate the convergence as in the case of real roots is evi- 
dent since Taylor’s Theorem goes over with a slight change to 


__ 
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expansions in complex numbers. The arithmetic of iteration 
is easier than for Newton’s method and the application of 
formula (8) is easier after one has found a few approximations 
than a change to Newton’s method at that stage of the cal- 
culation. 

The method will be illustrated by an example already solved 
by Cauchy* although he has erroneously stated that his final 
result, (163), p. 490, is correct up to the seventh decimal. If 
we write his equation, e —x=0, in the form x.= log x; then 
near the root sought | m| is near .7275. Hence pure iteration 
gives a slowly converging sequence, which will approach the 
root spirally from x,=7, as follows: 

i, 1.57082, .45158+1.5708:7, .49129+1.290862, 
.32295 + 1.207132, .22281+1.3094:, .28384+ 1.402257, 
35807 +1.37157,---. 

If after the third approximation is computed formula (8) 
is employed, the fourth application of the new method gives 
the root #; as .3181315+1.33723571, which is less than Cauchy’s 
result by 2 in the seventh decimal of the real part. That the 
value here given is correct and that Cauchy s is incorrect has 
been verified by the use of Peter’s Zehnstellige Logarithmen, 
by which the calculation has also been extended to nine decim- 
als. Cauchy used five applications of Newton’s method start- 
ing with x,=0, whereas the new method by the same number 
of applications furnishes nine decimals as follows: 

= i; = 1.57081, x2 = .2854 + 1.2854i; 
x3 = .2751 + 1.35231, x3 = 3310 + 1.3376i; 
x4 = 3206 + 1.3282i, x, = .318165 + 1.337276i; 


xs = 31816565 + 1.3371892i, x; = 3181315 + .3372358i; 
%¢ = .318131574 + 1.3372357215i, x_¢ = .318131505 + 1.3372357017. 


THE UNIVERSITY OF ILLINOIS 


* (Euvres, Ile Série, Tome IV, p. 485. 
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A QUADRATIC ALGEBRA AND ITS APPLICATION 
TO A PROBLEM IN DIOPHANTINE ANALYSIS* 


BY G. E. WAHLIN 


1. Introduction. Dickson{ has studied the problem of the 
application of algebras in the determination of the solutions 
of certain Diophantine equations. In the following pages I 
shall define a system which is a generalization of those defined 
by Cliffordt and Lipschitz.§ 

The algebra as here defined is sufficient for the application 
which I wish to make. By further restrictions on the basal 
elements we can define an algebra which is intimately con- 
nected with the theory of quadratic forms. This I hope to 
show in a later paper. 


2. Quadratic Extensions of a Field. We shall assume a 
certain fundamental field K on which we shall construct an 
algebra by the adjunction of certain new elements. Let us 
first consider a quadratic equation 


(1) 


whose coefficients are numbers of K. We shall denote by 7 a 
root of this equation. This root r is so defined that r?—ar+b=0 
but it does not satisfy a linear equation with coefficients in K, 
even in the case when the equation (1) is reducible in this field. 
If 6=0, a simple linear transformation will transform (1) into 
an equation in which the last term is not zero and we shall 
therefore assume that all the quadratic equations with which 
we are concerned are such that the term which does not involve 
x is different from zero. 


* Presented to the Society, April 10, 1925. 
+ Algebras and their Arithmetics, University of Chicago Press. 
¢t American Journal, vol. 1, p. 350. 
§ Comptes Rendus, vol. 91. pp. 619-660. 
Bulletin de la Société de France, (2), vol. 11, p. 115. 


| 


222 G. E. WAHLIN [March-April, 


The multiplication of r by any number of K shall be com- 
mutative and in any product of r and numbers of K multi- 
plication shall be associative. We shall also assume the 
distributive law. 

By a quadratic extension of K we mean the set of all elements 
of the form mr+n where m and n are numbers of K. 

Since r?=ar—b any power of r is equal to a linear function 
of r and hence it is easily seen that the sum, difference or pro- 
duct of any two elements of the quadratic extension of K 
belong to the same. Moreover, since r does not satisfy a linear 
equation in K, mr-+n is zero when and only when m and n are 
both zero. 

In the case when the equation (1) is irreducible the quad- 
ratic extension of K is closed also with respect to division and 
is a field which is isomorphic with the ordinary algebraic num- 
ber field defined by the equation. We shall call this a quadratic 
extension of the first type. 

When the equation (1) is reducible in K we may write 
x?—ax+b=(x—pi)(x—p2). Due to the assumption of the 
commutative and distributive laws we see that this equality 
is true when we replace x by r and hence 


(r — pi)(r — pos) = —ar+b=0. 


But r—p:+0 and r—p20 since r does not satisfy an equation 
of the first degree. Hence r—p; and r—p: are proper divisors 
of zero and a unique and universal division process is not 
possible. We shall call this a quadratic extension of the second 
type. 

It is easily seen that in either of the two types of quadratic 
extensions the multiplication is associative and commutative. 

The element 7 as above defined cannot satisfy more than one 
quadratic equation in K, for if we have r?—ar+b=0, and 
also r?—a’'r+b’=0, we find (a’—a)r—(b’—b)=0, which is 
impossible unless a’=a and b’=b. 


3. Conjugate Roots. Let us next consider the element a—r 
and substitute it for x in (1). This gives 
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ll 


—2ar+r?—a+art+d 
r?—ar+b=0. 


Hence a—r is also a solution of (1). We shall write r’=a—r 
and speak of r and r’ as a pair of conjugate roots of (1). 
From the definition of r’ it follows that r+r’=a and 
rr’=r'r=(a—r)r=ar—r=b. The sum S(r)=r+r’ is called 
the trace of r, and the product rr’ = N(r) is called the norm of r. 


4. An Algebra of Order Four. Let us consider a ternary 
quadratic form 


Q(x, 91, ¥2) = x? + Diy? + boy? + aixys + aexye + cyiye, 


and let us suppose that 7, and r2 are a pair of elements such 
that with another, associated, pair of elements 7{ and r7 and 
a properly defined multiplication 


Q(x, 91,92) = (x + riya + reye)(x + ri yi + 
+ ye + rer? + (ri+ ri )xy1 


(2) 
+ (rotrd)xye + (rird + yiye. 


Then 


(3) a1, retry = a2, nr = bi, rey = be, 


rita =c. 


We shall assume that the coefficients 4), Q2, by, be, c belong 
to the field"K and that each of the elements r, and r2 has a 
multiplication with’ the’ elements of K subject to the assump- 
tions of the preceding sections. 

From (2) we have 


Q(x, — 1,0) = 2? — + by = (x — — rf) 


and hence 7; and rj are a pair of conjugate roots of the equa- 
tion Q(x, —1, 0)=0. In the same way, 72 and rz are a pair 
of conjugate roots of Q(x, 0, —1)=0, and +72 and r{ +r? 
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a pair of conjugate roots of Q(x, —1, —1)=0. Hence we 
have the following relations: 

(4) r? = air; — dy, 

(5) = — bo, 

(6) + = (a, + a2)(r71 + — — — be, 


and (6) can be written in the form 


r2 + rye + = ayn + 


— + dere — — — do, 
which by (4) and (5) reduces to 
(7) + rer, = dori + aire — 


Let us now consider two elements uo+"1+2r2 and 
Their sum is and their pro- 
duct is Q(uo, m, u2) and hence the uo, 1, 42 being numbers of 
K we see that the sum and product are numbers of K and hence 
the two elements as given are a pair of conjugate roots of a 
quadratic equation in K. 

We shall now form a new extension of K by the adjunction 
of the two elements 7; and r2 subject to the above specified 
conditions and further assume that rz and rer; are also roots 
of quadratic equations. We also suppose that 


(8) S(rire + = S(rire) + S(reri). 


Let g(x)=0 be the quadratic equation of which rz is a 
root. Using the associative law, which we shall also assume, we 
have 


—(rire)ri = rent, 


1 
= = (reri) (rer) = (reri)? ; 


and hence 


— 
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1 
—q(rir2)ri = 


Since g(nv2)=0, it follows that g(rer1)=0 and mrz and rer; 
are roots of the same equation, and S(rire)=S(reri). As 
above, we here assume that }; and 2 are not zero. It would 
suffice to make this assumption regarding only one of 
them. Using (7), and (8), we then have 


S(rire) + S(reri) 


2S(ryre) = a2S(r1) + a,S(re) — 2c 


2a\d2 — 2c. 
Thus 


(9) S(rire) = 0102 — ¢ = G12, 


where for the present we use d,2 to denote the trace of mre. 
The conjugate root (rr2)’ of rire is then aj2.—1"f2. 
If we now use the equations (3), we have 
@12 = 4102 — rife — = — r1(d2 (a2 = rg )ri 
= — ri) + nre+ 
= — + rire + 


Therefore = — ryr2, and we conclude that r/rj is 
the conjugate of 772. We shall denote mr2 by riz and rir/ 
by riz. We now have the following relations: 


(10) = = rere = — = ainie — bire, 
(11) 112% 2 = = rye = — bor; = — ber,, 
(12) = 11(reri) = ri(aery + aire — C — 


a2(ayn1 b) + — Cry — + dire 
— dob) + + bite, 


(13) Te i2 = = (der, 


= + — — cre — + beri 


= — + dori + aiore. 
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The equations (4), (5), (10), (11), (12), (13) can be summed 
up in the following multiplication table. 


N12 
| 
in| ar, — — bre + aitie 
| 
— € + Gary + — — be — + ber, + 
712 | 712 — a-by + + | — bar + aan: | — 


Let us now consider the extension of K consisting of all 
elements of the form xo Where Xo, x1, X2, 
and x;. are numbers of K. We have seen that mr2 and rz r{ 
are a pair of conjugate roots of a quadratic equation. Let us 
next consider and m7 Their product is b?52,a number 
of K. From the multiplication table 


= —biyre + ainie, 
reri = (di2 — — 71) = Gidi2 — 

— + Piet) 
= 43012 — — — + + dire 
= 43012 — + dire — airy, 

whence 
birt aif , 
and 


a number of K. Hence as before 7:2 and nzr{ are a pair of 
conjugate roots of a quadratic equation with coefficients in K, 
and S(rri2) =a:d12—a2b;. In the same way we can show that 
and S(rerj2) = S(ri2r2) bea, and in 
all cases the conjugate of the product is the product of the 
conjugates in reversed order. Hence 


= dob; = S(rier1) S(r1)S(riz) , 
S(ri2re) S(r2)S(r12) 


(14) 


= 


_ 
_ 
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From the multiplication table 
(15) + = — debi + + 
(16) ref ie + = — Aibe + + 


By (14) and the equation —c=di2—a,d2, we can then write 
a common form for (7), (15), (16) as follows: 


(17) reg tora: = — + S(rpri + S(rd1;- 
From this we get 
(18) rvj = ria; — +7rfai — 

S(r:)S(r3) — 


which is a number of K. Let us now consider two elements 
= Xo + + + 
Then = 2x9 a member of K. Also 
(19) = xf + dix? + bax? + bibexs? + aixox + 


+ + (rird + )xix2 


Xo + + + 


(x02 -+- )X1X12 + (rere )X2%12, 


and it may be shown that £’=£’£. By (18) and (19) we see 

that ££’ is also a number of K and hence £ and £’ are a pair of 

conjugate roots of a quadratic equation with coefficients in K. 
Consider next the two elements 


= Uo t+ + + B= Vo + 0171 + Vere + Viofie. 
Then 
a + B= + 00 + (m1 + + (Me + + (tie + 


and by the multiplication table we can also express the pro- 
duct in the same form. Hence the set of elements is closed 
with respect to addition, subtraction, and multiplication. 
Since the product r,r; is a linear function of 7, 72, f12 and 
its conjugate r/r/ is the same linear function of rj, r7, riz We 
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see that a8 and §’a’ are the same linear function of 1, re, rie 
and rij, m2, respectively. Hence a8+ ’a’ is a number of 
K and af - B’a’ = N(a) N(B) is also a number of K. Therefore, 
in general for all products the conjugate of a product is the 
product of the conjugates in the reversed order. 

If we let r>=rj =1, we may write 


= > 


i,7 


whence we have 


a8 + Ba = ug (rir; + 
uso — Sr)S(r)) + + | 
= S(aB) — S(a)S(B) S(a)B + S(B)a. 


This shows that the equation (17) is true for any pair of ele- 
ments a and § of the algebra. 


5. Extension of the Algebra. Let us next consider a general 
quadratic form in n+1 variables 


having d99=1 and a;;=a;;. From this we shall form n equa- 
tions, each one being obtained by setting x for x9 and one of 
the remaining variables equal to —1 and the rest equal to 
zero. The m equations are then 

x? — agix + ax = 0, (¢ = 1,2,3,--- ,m). 
The conjugate roots of these equations we shall denote by 7; 
and r/ (4=1, 2,---,m). Weshall also assume that r;+7; and 
ri+rj are a pair of conjugate roots of the equation obtained 
from the equation 


Q(%0,%1,%2,°°°* ,X%n) = 0 
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by putting x;=x;=—1, and all the remaining x;, except xo, 
equal to zero. We shall further assume that for any pair 
r:, 7; all the conditions of the preceding sections are fulfilled 
so that 1, 7;, 7;, rv’; constitute the basal elements of an algebra 
such as we have already discussed. The product r;r; we shall 
denote by 7;;. 

All polynomials in 1, 72,---, 7%, having coefficients in K 
constitute an algebra over K. In a later paper I expect to 
show some consequences of further restrictions on products 
involving three or more of the elements 1, 72,---, 1%. For 
the present the algebra as defined is sufficient. 


6. A Linear Set.* Having thus defined the algebra let us 
consider all elements of the form + 
We shall write 

a = uot + . 
Then 


S(a) = a + a’ = + doitts + dost, + -- +> + Gontn, 


n n 
N(a) = ad’ = ue + + 


i=1 i=1 
+ (rf 
i<j 
But according to our assumptions regarding the 7, ro, - -- , Tn, 
by equations (18) and (9), we have © 
raf trai = S(r)S(r)) — = 
We note that a;; has a different meaning here from what 
it had in the preceding section where ai2=S(nr2). Here ai; 
has taken the place of the c. 
Hence we see that S(a) and N(qa) are both numbers of K, 


and any element a of the linear set is a root of a quadratic 
equation with coefficients in K. We also note that 


N(a) = Q(uo,11, U2, ,Un)- 


It is not difficult to show that aa’ = a’ a, 


* Dickson, loc. cit. 


— 
= 
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If a is some particular element of the linear set, the set also 
contains ma+n and hence with --- is also 
found in the set #:71+ - - - + un, and all its elements are ob- 
tained by the addition of a number of K to an element of the 
last form. But my71+uere+ --- + Unrn is a root of 


Q(x, — 1, — — Un) = 0. 


We therefore see that we may consider the linear set as the 
totality of all quadratic extensions to K formed by the ad- 
junction of the roots of all equations obtained from the 
equation Q(x,%1,%2,--- ,%,) = 0 by assigning to the m, 
Xe, -- +, X, all possible combinations of values from K. 


7. Application to a Diophantine Equation. We shall next 
consider the equation 


(20) = V1V2- (a;; = a;i), 


in which the coefficients a;; and 2a;; are rational integers. The 
application of the foregoing algebra will give a method for 
finding all rational, integral solutions of the equation. The 
unknowns are the xo, Xn, 01, The field 
K used in the preceding pages is, from now on, the field of 
rational numbers. If we multiply both members of (20) by 
doo and put dooX9 = Yo We.can write the left hand member of the 
equation as a quadratic form in yo, %1, X2,---,Xn- This form 
we shall denote by Q(yo, - - , Xn), and the equation (20) 
is equivalent to 


(21) Yo, %1,%2,°°° = VE. 


The quadratic form Q(yo, 1, --- , Xn) has rational integral 
coefficients with that of y? equal to 1 and hence is of the form 
considered in the preceding sections. The left hand member of 
(21) is therefore the norm of the general element of a linear 
set in an algebra such as has been defined above. It is there- 
fore possible to write the equation (20) in a new form 


(22) N(doo%o + + rove + + = Anode Vy. 


n 
«,7=0 
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For each set of rational values of x1, x2, --- , X, a root 0(x) 
of the equation 
(23) ,%1,%2, = O 


is a generator of a quadratic extension of K. This may be 
either of the first or second kind. 

Let us consider first the case when (23) is irreducible so that 
the quadratic extension is of the first kind. Then @ generates a 
quadratic number field and 1, @ is a base of a ring in this field 
and (doo, @) is the base of an ideal in the ring. The problem of 
obtaining the solutions of 


(24) N(aooxo + Ot) = 


has been solved by the author,* and from this we see that for 
those rational integral values of x, x2, ---, Xn which cause 
(23) to be irreducible we can obtain the solutions of (22) by 
writing it in the form 


and assigning values to x1, X2, +--+, Xn and solving for xo and 
t by the method for solving (24). 
In the case when the values x;, x2, - - - , Xn cause (23) to be 


reducible the left-hand member of (25) is the product of two 
linear factors which are homogeneous in xo and ¢. Then ele- 
mentary methods suffice for the determination of xo and f¢, 
and the 2;. 

It is easily seen that in assigning the values to x1, x2, +, Xn 
only such as are relatively prime need be used as all others 
will be included among the ones so found. 

Hence to obtain all solutions of (20) replace x, x2, --- , Xn 
by Xet, -- , Xnt; assign to x1, -- , x, arbitrary rational 
integral values thus reducing the left hand member of (20) 
to a binary form and hence solve by means of known methods. 


UNIVERSITY OF MIssouRI 


* This Bulletin, vol. 31, p. 430. 
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FUNCTIONS EXPANSIBLE IN SERIES* 
BY L. E. WARD 


In the Transactions of this Society Hopkins has stated and 
proved the following theorem. 


THEOREM I. [If f(x) is a function analytic in the interior and 
on the boundary of a circle centered at x=0 and of radius xo, 
O0<xo<zx, which involves in its power series expansion only 
powers of x of indices congruent to 2 (mod 3), and which has a 
continuous second derivative for real values of x in the interval 
O<x<rz, then the formal development of f(x) in a series whose 
terms are the characteristic functions of the differential system 


+ = 0, u(0) = u'(0) = u(x) = 0, 
ax 


converges uniformly to f(x) in the interval OS x 


Hopkins proved further that the development converges 
uniformly to f(x) in the interior of an equilateral triangle cen- 
tered at x=0 and having one vertex at x= 9. The following 
theorem in which the adjoint differential system appears is 
obtained from Theorem I by the change of variable x’ =a—x. 


THEOREM II. [f f(x) is a function analytic in the interior and 
on the boundary of a circle centered at x= and of radius x, 
O0<x,<z2, which involves in its power series expansion only 
powers of (r—x) of indices congruent to 2 (mod 3), and which 
has a continuous second derivative for real values of x in the 
interval OS x<r, then the formal development of f(x) in a series 


* Presented to the Society, April 2, 1926. 


+ J. W. Hopkins, Transactions of this Society, 1919, pp. 245, et seq. 
Published by D. Jackson. 
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whose terms are the characteristic functions of the differential 
system 
d*y 
— — pv=0, = = 0(0) = O, 
dx’ 
converges uniformly to f(x) in the interval x;SxSr. 


It can be shown further that the latter development con- 
verges uniformly to f(x) in the interior of an equilateral triangle 
centered at x=7 and having one vertex at x=}. 

The purpose of this note is to determine whether there are 
functions satisfying the conditions of both the above theorems; 
and if there are, to see whether the corresponding series may 
have a common range of convergence. 

We derive first conditions which must be satisfied by a func- 
tion f(x) of the type demanded by both theorems. We must 
have f(x) =x°(x*) and f(x) where $(x*) 
and ®[(7—<x)*] are analytic in x* at x=0 and in (x—x)? at 
x =m respectively. Such a function f(x) must be the derivative 
with respect to x of a function ¥;(x*) and also of We[(r—<x)*]. 
Neglecting a constant of integration, which may be included 
in either function, we must have y;(x*) =y2[(7—x)*]. Can we 
find a function single valued and analytic in x* at x =0 and also 
single valued and analytic in (r—x)* at x=7? If there is such 
a function, it will be invariant under the transformations 
x’=wx and where w=e?"'?; i. e., under the 
transformations 


x’ = wx ) fv =ox 
or ; 
x’ wx + (1 — Lx’ x+(1—w)r f 
Repetition of the first of these gives x’ = wx, and of the second 
x’=x-+n(1—w)r. Combination of these yields x’=w™x 
+n(1—w)z. Repetition of this gives 


= + [q’wo™ — + n — 


or simply 
x’ = wx + (p+ qw)r. 


(Of course, m, n, p’, q’, pand g are integers.) 
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Consequently, x being an arbitrary point, the function must 
have the same value at the points 


wxrt(ptqu)r, wx+(pt+q)r 


that it has at x. A function having the same value at the points 
x+(p+qw)r as at x is a doubly periodic function of primitive 
periods and wz; call g(x) such a function. Then ¥(x) = g(x) 
+2(wx)+2(w*x) is a doubly periodic function of periods 7 and 
wr, and it is invariant under all of the above transformations. 
Hence ¥(x) is a single valued function of x* and also of (r—~x)*, 
and y’(x) can be expanded in both series. 

The question of whether or not these series have a common 
region of convergence depends for its answer on the location 
of the poles of ¥(x). It is clear that the poles may be situated 
so that the two triangles of convergence* have no common 
region in their interiors. On the other hand, it is not hard to 
put down the poles of g(x) so that the triangles will have a 
region interior to both, as the following example shows. 

Let g(x) have a double pole (of course with zero residue) at 
the point x =7/2+77/2(3)'/, and no other singularity in the 
parallelogram three of whose vertices are at 0,7, wr. Then 
g(wx) and g(w*x) will also have double poles at this point and 
nowhere else in this parallelogram. Hence (x) will have double 
poles at the points x =2/2+71/2(3)'/?+pr+qwm and nowhere 
else,and thesameistrueofy’(x). Nosingularity of y’(x) isnearer 
the origin than the pole at x=2/2+7i/2(3)'/?, and hence 
the circle of Theorem I may be given a radius slightly smaller 
than 7/3)? but greater than 7/2. The circle of Theorem II 
may be given the same radius. Then these circles will have a 
region interior to both of them, which will contain a portion 
of the axis of reals, along which the series mentioned in both 
theorems will converge uniformly to W(x). 


UNIVERSITY OF IOWA 


* Hopkins showed in his special case that the region of uniform con- 
vergence is the interior of an equilateral triangle centered at x =0 and hav- 
ing one vertex on the positive axis of reals. 
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INVARIANTS OF A PORISTIC SYSTEM 
OF TRIANGLES* 


BY J. H. WEAVER 


1. Introduction. In the last quarter of a century consider- 
able work has been done on various systems of triangles. 
Several fixed circles have been discovered which are as- 
sociated with poristic systems of triangles. However, so far 
as the writer knows, no attempt has been made to determine 
all the invariant curves of any degree for any system of 
triangles. The present paper determines the invariant curves 
of the first and second degrees for a poristic system of 
triangles which has a fixed incircle and a fixed circumcircle. 


2. General Considerations. Let there be a triangle ABC 
with a fixed incircle, center J, and a fixed circumcircle, 
center O. If we consider OJ as the X-axis and J as the origin, 
the equations of the sides of the triangle may be written in 
the normal form as follows: 
x cos A; + ysin A; —7r =0, 
<CA: xcos Az + ysin A, 
xcos A; + ysin A; —r =0O, 
where r denotes the radius of the incircle. 

If A’B’C’ be any other triangle of the system the equations 
of its sides are 
xcos Aj +ysin Aj —r =0, 

C’A’: xcosA? + ysin As —r =0, 
A’B’: xcosAj + ysinAj —r=0. 

Let P(x’, y’) be any point in the plane of the triangles. 

Then the distances of P from the sides (1) and (2) are 


(1) 


(2) 


(3) a; = x’cosA;+ y’ sin A; 
(4) af = x’cosA;’+ y’sin A,’ — 7, 
respectively. 


* Presented to the Society, September 8, 1926. 
t See Gallatley, Modern Geometry of the Triangle, second edition, Lon- 
don, 1910; and Coolidge, Treatise on the Circle and Sphere, Oxford, 1916. 
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Eliminating x’ and y’ from (3) and (4), we obtain 


(5) aj=- - cos A; 
| cos Ay, sin Ao,1| 


| cos A1,a2,1| 
-sin —r. 
| cos Ay, sin Ae,1| 


The angle A? determines Aj and Aj. Hence aj depends 
upon @; and A?, if A1, Az and A; remain fixed. 

Equations (5) then determine a one-parameter group of 
transformations, and by the Lie Theory of one-parameter 
groups we have for an invariant 


(6) >| ] 


Equation (6) for the particular case represented by equa- 
tion (5) becomes 


3 sin dA; 
(6’) >| - sin A; 
i=1 | cos sin Ae,1| 
| cos dA; 
cos A; = 0. 
| cos Ay, sin 0a; 


If we choose for the triangle ABC the special position where 
B lies on the line OJ, and to the right of J, equation (6’) 
will be much simplified without loss of generality. In fact 


it becomes 
| B dA, 


(2a — a3 — 


dA» 
sin — sin — 
2 2} dds 
(7) + (a3; — sin 1) -—— 
2 
| dA3 
— (2a2e — a3 — cos? — - 
a2 a3 ai Ss 2 


+ (a, — as)( sin + 1) sin 


1927.] INVARIANTS OF TRIANGLE SYSTEMS 237 


where dA;/dA2=dA;/dA,=R/(R—d), in which R denotes 
the radius of the circumcircle, and d=OI. 
3. A First Degree Invariant. Let 


(8) lay = 0 


represent any line in the plane of the triangle ABC. If we 

apply the differential operator (7) to the line (8), we obtain 

(9) [(k’ — — m + + + — 2kn)ar 
+[—(k + + km — (k' — = 0, 


where 
B dA, 
k = cos? — : 
“dhs 
B dA, 
k’ =(sin —+1) sin —- 
2 


In order that (9) shall be satisfied we must have 
(k’ — k)l — + k)n =0, 
(10) l—n=0, 
— (k' + k)l + — (k’ — k)n = 0. 
The matrix of the set of equations (10) is of rank 2, hence 
there is one solution for 1, m, n, other than zeros. A solution 


may then be written ]=/, m=(2k'/k’’)l, n=l. But 2k’/k’’=1 
and the equation of the single invariant line of the system is 


This is the equation of the line in which the bisectors of the 
exterior angles of the triangle meet the opposite sides; 
hence we may state the following theorem. 


THEOREM I. In a poristic system of triangles, which has a 
fixed incircle and a fixed circumcircle, the line determined by 
the points of intersection of the bisectors of the exterior angles 
of the triangle with the opposite sides is a fixed line. 


= 
2 
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4. Second Degree Invariants. The equation of any curve of 
the second degree in the plane of the triangle ABC may 
be written 


(11) la? + ma? + na? + 2paia2 + 2saia3 + 2tarza, = 0. 


If we apply the differential operator (7) to the equation 
(11) we obtain 
[lay + paz + sa3|[(2a2 — a3 — ar)k + (a1 — as)h’] 
+ (maz + pay + tas) (a3 — 
+ [— (2a2 — a3 — ar)k + (a1 — [mas + sor + tas] 
= 0. 


(12) 


In order that equation (12) shall be valid we must have the 
following set of equations. 


— k) — pk + s(k’ + k) = 0, 
p=t, 
n(k’ — k) — tk’ + s(k’+ k) = 0, 
mk!’ — nk — p(k’ + k) + Isk — t(k’ — k) = 0, 
+ k) — n(k’ + k) — pk’ + tk” =0, 
21k — mk” + p(k’ — k) — 2ks + (k’ + bt =. 


(13) 


The matrix of equations (13) is of rank 4. Hence there is a 
single infinity of solutions for the set of equations. This set of 
solutions may be written in terms of / and p, as follows: 


n=l,t=p, s= 
Equation (12) may therefore be written in the form 


lat + + lat 2 

1 R Rr? ag ag + 2paja2 
) 


R-d d 
+ p + + 2 paras = 0. 


R-d d R+d d 
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By finding the polar of the incenter with respect to the 
family (14) we obtain a result which may be stated in the 
following theorem. 


THEOREM II. The first polar of the incenter with respect 
to the family (14) is the line a,+a2+a;=0. 


Also if we write down the condition that the system (14) 
shall represent two lines we find that it is necessary that 
l= 

Asubstitutionofthiscondition in (14) gives(ai+a2+a3)? =0. 
Hence the straight lines of the system (14) consist of the 
first degree invariant counted twice. 

If we set down the condition that equation (14) represent 


A substitution of this condition in (14) gives for the equation 
of the circle the expression 


a 
I R 2 as R 1&2 


R R = 


The center of this circle lies on OJ. And since we have 
chosen as our triangle of reference the triangle whose vertex 
B lies on the line OJ, the equation of OJ is 


(15) 


(16) a — a3 = 0. 


Also from the triangle itself we have 


R— 
(17) ay + + as = (R+d+r). 


* See Whitworth, Modern Analytical Geometry, p. 244. 


a circle we find 

p= 
| | 
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If we solve equations (15), (16), (17) for az we find 


d(R+d+r) + 
d 


| 


The half sum of the two values of a2 gives the distance of the 
center of the circle (15) from the side AC of the triangle. 
This distance is R+d+r. Hence we have the following 
theorem. 


THEOREM III. The center of the invariant circle (15) hes 
on the circumcetrcle of the variable system of triangles. 


The half difference of the values of a2 gives the radius p 
of the circle (15). Consequently 


[Rd(R + d) (R+d+1r)]*? 
d 


Using this result we may easily prove the following theorem. 


THEOREM IV. The line a; +a2+a;=0 is the radical axis 
of the incircle and the circle (15). 


STATE UNIVERSITY 
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OSGOOD’S ADVANCED CALCULUS 


Advanced Calculus. By William F. Osgood. New York, The Macmillan 

Company, 1925. xvi+530 pages. 

Almost twenty years ago, in a presidential address delivered before 
the American Mathematical Society*, Professor Osgood outlined his 
conception of the aims and methods that should underly the teaching of the 
calculus. As between the formalists and the reformists of the Perry school, 
he pointed out that though the former were right in insisting on the 
necessity of rigorous training in formal work in order to acquire the ideas 
of the calculus, still this drill must appear to the student ‘‘as having for 
its direct object the power to solve some of the real problems of pure and 
applied mathematics, and these problems must always be kept before his 
eye.”” This idea was emphasized again with the words “‘That which is 
most central in the calculus is its quantitative character, through which it 
measures and estimates the things of the world of our senses. And in- 
struction in the calculus that does not point out—not merely at the begin- 
ning or at the end, but all through the course—this close contact with 
nature, has not done its duty by the student.’”’ He felt, however, that too 
often those who had attempted to interpret physical phenomena mathe- 
matically had started from incomplete and vaguely stated hypotheses 
and had used methods so slipshod as to be beneath the respect of the 
undergraduate student of the calculus. 

Later in the same year his First Course in the Differential and Integral 
Calculus was published. Here the program of his presidential address 
was carried out. There was a large amount of material for drill in tech- 
nique; statements of hypotheses and conclusions were clear and accurate; 
proofs were carried through with all the rigor suitable for a first course in 
the calculus, and a large part of the book was devoted to applications, 
with the aim not merely to impart knowledge, but to foster appreciation 
of the spirit of the calculus and to give power to use it as a tool in the 
interpretation of nature. The book had a wide sale, and many of the 
younger generation of American mathematicians there acquired their 
first appreciation of what mathematics means. Still, however great the 
service thus rendered, it was surpassed by the influence for the bette 
that this text exerted upon all succeeding works on the calculus published 
in this country, and on many published abroad. Few could successfully 
imitate the style of Osgood, many saw only imperfectly what he was 
aiming at, yet if they could not draw the bow of Ulysses they at least 
modeled their armory after his and shot as nearly as they could in the 
same direction. 


* This Bulletin, vol. 13, No. 9 (June, 1907), pp. 449-467. 
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Some instructors found the First Course too ‘‘hard”’; others, with more 
reason, felt that the material presented was far too copious for a three-hour 
year course, but considerably short of enough for a second course. The 
author himself felt that rearrangement, revision, and extension were 
advisable. This plan was carried out by the publication in 1922 of his 
Introduction to the Calculus (in the previous year the first half had been 
brought out under the title Elementary Calculus), followed three years 
later by the volume which is the subject of this review. 

The author does not here attempt to duplicate any part of his Jntro- 
duction, hence no general restatement or summary of a first year course in 
the calculus is included. Instead there are numerous references to the 
Introduction. The instructor who uses this text must therefore see to it 
that the Introduction is accessible to his class, or he must be prepared to 
substitute other explanations and references. Even the syllabus of ele- 
mentary solid analytic geometry that found a place in the First Course has 
been dropped, and the reader is referred to Osgood and Graustein’s 
Plane and Solid Analytic Geometry. It may be surprising to many that an 
Advanced Calculus should contain almost nothing on the convergence or 
divergence of infinite series, and little on Maclaurin’s and Taylor's develop- 
ments. The author, has, however, preferred to devote considerable space 
in the Introduction to these topics and thus can dispense with their treat- 
ment here. 

On the other hand he has included two chapters on general methods of 
integration and on reduction formulas, which ordinarily are considered a 
part of elementary rather than of advanced calculus. However, it is a 
satisfaction to find here a good proof of the theorems concerning partial 
fractions, a systematic treatment of rationalizing substitutions, and a proper 
appreciation of the waste of ingenuity involved in proofs of reduction 
formulas except as the inverse of differential relations. Otherwise the 
book is distinguished by its wealth of applications to physical problems and 
only here presents material beyond that covered by the normal class in 
advanced calculus. 

The author explains that the order in which he has written is not a 
necessary order for the reader. The latter may begin with the chapter on 
Partial Differentiation, or with Double Integrals, or Differential Equations. 
Again, the omission of certain sections on first reading of a chapter is 
suggested. This very flexibility indicates clearly the author’s perception 
of the important part the teacher must play in determining the success 
or failure of a course in the caiculus. The instructor who, without looking 
ahead, assigns ‘‘the next four pages with all the odd-numbered problems”, 
will have poor sailing and a mutinous crew before long. If, for instance, 
the lesson includes, without previous explanation, the proof of pages 73-74 
that a density function in two dimensions must be continuous although 
this does not hold in one dimension, there may be trouble. Along with the 
easier and more formal problems will be found others that will tax the 
best in the class, others that anticipate later chapters. The instructor 
must be prepared to pick and choose according to the strength and needs 
of his class. 
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Although it is true that the author does not hesitate to include both 
proofs and problems of some difficulty, he does not follow the too prevalent 
plan of plunging through a stiff demonstration as quickly as possible and 
emerging to simpler matters calculated to reassure the bewildered neophyte. 
He is quite willing, in fact, to take a hard journey in several stages. Fre- 
quently there is a “heuristic proof”, which is shown in its true light as 
a discussion pointing the way to the truth, followed by a demonstration 
of more satisfying rigor. For example, there are three proofs of the formula 
which reduces a double integral to iterated integrals in rectangular coordi- 
nates. The first is based on geometric intuition, the second is arithmetic 
but incomplete, the third, some distance on, indicates how the second is to 
be made satisfactory. Everywhere there is the greatest care to say precisely 
what is meant. The author does not suffer from the delusion that accuracy 
of statement makes a subject more difficult or less attractive. 

There are enough exercises. Many are formal and relatively easy, but 
others will require more than ordinary ability for their solution. Some test 
the student’s capacity to anticipate matters taken up later in the text. 
In fact there is no gentleman’s agreement to make only backwards refer- 
ences. Both in text and exercises there is not infrequently a look forward, 
and sometimes results are used whose truth is for the time being assumed, 
but is proved later. There is a good supply of examples worked out. These 
often emphasize critical points as well as matters of routine. In fact exer- 
cises, solved or unsolved, in a few cases supply the proofs of formulas 
that follow in later pages of the text, thus affording the class an excellent 
opportunity to find whether the instructor knows what sort of a lesson he 
has assigned. 

Up to the end of Chapter X much material has been taken from the 
First Course, but besides Chapters I and II, Chapter IX is new, as is 
practically all that follows the tenth chapter. There has been, however, 
much revision of the treatment of topics from the First Course, and nearly 
all the changes a-e, to the reviewer’s mind, improvements. As one leaves 
behind this first part of the book, one cannot but sense that the author 
feels a certain relief in being through with this too familiar, often-worked- 
over field. There is an atmosphere of added enthusiasm, an interest more 
tense, as we pass on to chapters where applications are of major importance 
and technique is less stressed. There are passages also where the author 
unbends to make an apt remark or to indulge in a picturesque or even a 
homely phrase. To the reader we leave the pleasure of digging these out 
and chuckling over them. They are not too frequent, and are well balanced 
by the more serious exhortations against such transgressions as the un- 
critical use of infinitesimals or juggling proofs. 

We have already indicated the subject matter of Chapters I and II, 
on general methods of integration and reduction formulas. Chapters 
III and IV consider double and triple integrals. Here much has been taken 
from the First Course, but there are additions and changes. The proofs 
depend iargely on geometric intuition, as the author is careful to point out; 
more rigorous demonstrations are deferred to Chapter XII. Thus the 
student obtains some insight into the methods and uses of integration 
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before he encounters existence proofs of an arithmetic character. Besides 
the applications generally tobe found in other texts, there are to be noted 
the sections on attractions, on density, pressure at a point and specific 
force, and on potential in three dimensions. 

The next four chapters, from V to VIII, are concerned with partial 
differentiation and its applications, these latter being chiefly geometric. 
Part of the corresponding material of the First Course was used in the last 
nine pages of the Introduction; most of the rest is to be found here in 
revised form, with some important additions. Thus the former admirable 
treatment of the total differential is here somewhat expanded, and the 
approach to it has been made easier. In section 12 of Chapter V, existence 
theorems are carefully stated for implicit functions defined by one equation 
or by several simultaneous equations, but the reader is referred to other 
books for proofs. On pages 180-185, Chapter VII, there is a discussion of 
Lagrange’s method of multipliers in the theory of maxima and minima. 
Chapter VIII, on envelopes, develops a sufficient condition that a family 
of curves have an envelope, whereas most texts stop with necessary con- 
ditions. 

Elliptic integrals are treated in Chapter IX. Most of the thirteen 
pages are devoted to the standard forms for integrals of the first and second 
kind and the reduction of integrals to these forms. This is followed by a 
brief but skillful explanation of Landen’s transformation, and by a half page 
defining the elliptic functions and giving references. : 

Chapter X, on indeterminate forms, has,in the main, been transferred 
from the First Course. It is probably more the fashion to take this subject 
up in elementary calculus, but here, at least, we have satisfactory proofs 
and a good sense of relative values. 

In Chapter XI the notion of work done on a particle by a force leads 
up to definitions of line integrals. Green’s Theorem in two dimensions is 
then discussed, and is used in treating integrals independent of path. In 
this connection the author pauses, for the space of three pages, to consider 
definitions and elementary properties of simply and multiply connected 
regions. He then passes on to line integrals and Green’s Theorem in three 
dimensions (called Green’s Lemma in a later chapter, page 287). Stokes’ 
Theorem is next proved more carefully than is usual in other texts. Sections 
11-17 develop the equations of the flow of heat and of electricity in con- 
ductors. A valuable feature is the clear distinction between mathematical 
proof and the inductive processes by which a physical law is inferred and 
expressed in a mathematical formula. It would be hard to improve on 
these sections, which are adaptations of material from the author’s 
Allgemeine Funktionentheorie. In sections 18 and 19 there is a glance for- 
ward to related topics treated in later chapters. 

Most readers will find Chapter XII, on the transformation of multiple 
integrals and on the equation of continuity, more difficult than any other in 
the book. There is no help for this; it could not be otherwise in a treatment 
at all adequate. The first section begins with a satisfactory arithmetized 
existence proof for the ordinary definite integral, with some novelty in 
its form, and so stated as to help in proving the existence theorem for 


1927.] OSGOOD’S ADVANCED CALCULUS 245 


double integrals and the formulas for their reduction to iterated integrals 
considered in the following sections. The property of uniform continuity 
is explicitly assumed, and the property of zero area for the boundary is 
tacitly supposed to hold for all double integrals considered. This latter 
matter may trouble the reader of inquiring mind when he tries to verify 
the assertion “the further development of the proof’’ (for double integrals) 
“follows precisely the lines of the earlier case” (for the ordinary definite 
integral). The reader referred to may also be puzzled to find why the author 
assumes, on page 254, that f(x) is positive. The transformation of double 
and triple integrals is next considered, a “heuristic proof’? employing 
infinitesimals and Duhamel’s Theorem being in each case followed by a 
logically more satisfactory one using, respectively, line and surface integrals. 
The last four sections of the chapter are devoted to obtaining in various 
forms the equation of continuity in hydrodynamics. Section 11 will be 
difficult reading for the average student, but the effort to master it will 
be well worth while. We may note again the author’s insistence on a dis- 
tinction between what is proof and what is not (see especially pages 
278-279). 

An elementary treatment of vector analysis occupies Chapter XIII. 
Green’s and Stokes’ Theorems are put in vector form, and there is a section 
on curvature and torsion of twisted curves. In section 9 there are very 
sensible remarks on limitations to the usefulness of vector notations. 

The next chapter is a long one of 67 pages on differential equations, 
with emphasis on applications. Thus of the first third, on equations of the 
first order, seven pages are devoted to solutions of standard cases, while 
sixteen give applications. The other subdivisions are on linear equations, 
geometrical interpretation and singular solutions, solutions by series and 
by integrating factors, and partial differential equations. Section 14 will 
hardly be appreciated unless the reader is familiar with the pages of 
Appell’s Mécanique Rationnelle givenas a reference, and the top of page348 
may also prove troublesome owing, apparently, to an unexplained change 
of notation. The brief discussion of singular solutions is excellent. In 
sections 24 and 25 there is a treatment of partial differential equations of 
the first order by the method of characteristics. Naturally, this is not one 
of the simplest parts of the book. 

Chapters XV and XVI are especially valuable, though many classes 
will omit one or both in a one-year course. The matters here presented can 
hardly be found elsewhere in such concise and elegant form. The former 
chapter begins with a treatment of forced vibrations and then derives 
in exact form the partial differential equations for both transverse and 
longitudinal motion of a vibrating string. The familiar simpler forms are 
obtained as approximations. The vibrating membrane is also briefly 
considered. Chapter XVI, on Fourier’s series and orthogonal functions, 
considers formal developments in Fourier’s series, power series as proceeding 
from problems of approximate representation, and series of orthogonal 
functions in general, especially as suggested by the principle of least 
squares. Five pages are given to zonal harmonics and Bessel’s functions. 
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Chapter XVII, on the calculus of variations and Hamilton’s principle, 
carries the first subject only as far as the derivation and solution of Euler’s 
equation, i.e., the problem of finding extremals, with applications. Most of 
these applications are familiar enough, though the derivation of Laplace’s 
equation in curvilinear coordinates is not so well known. Isoperimetric 
problems and variable end points are considered, also integrals in para- 
metric form. The author’s insistence on accurately stated definitions of 
variations is to be commended. Hamilton’s Principle and the Principle of 
Least Action occupy the last fourteen pages. Their application to a number 
of relatively simple problems is a most valuable feature. 

Chapter XVIII, on thermodynamics and entropy, will help clear up 
some fundamental notions in this field. 

With Chapters XIX and XX we return to matters of a more formal 
sort. The first takes up definite integrals with parameters, improper in- 
tegrals and tests for their convergence or divergence, the Gamma and Beta 
Functions, improper double integrals, and special methods for the evalu- 
ation of improper integrals. The last chapter gives a brief introduction 
to the elementary theory of functions of a complex variable. 

There are some misprints, though not an undue number. As part or 
all may have been corrected in the plates since the first printing, a list of 
them would be useless here. 

D. R. Curtiss 
HEATH’S EUCLID 
The Thirteen Books of Euclid’s Elements translated from the text of Heiberg 

with introduction and commentary. By Sir Thomas L. Heath, K.C.B., 

K.C.V.O., F.R.S. Cambridge, University Press, 1926. 8 vo. 3 volumes, 

pp. xii+432; 436; iv+546. £3, 10s. 

It is about eighteen years ago that this writer published in this periodical 
(this BULLETIN, (2), vol. 15, pp. 386-391) a review of the first edition of 
this noteworthy example of English scholarship and power of exposition. 
The titlepage then gave the author as T. L. Heath, C. B., Sc. D.; it now 
records honors which this and other works upon the history of mathe- 
matics have brought to the author, and with the approval of the whole 
scientific world. As regards the general treatment of the subject, the 
significance of such a publication, and its influence upon modern education, 
little need be added to the review above mentioned. The only matter 
demanding special consideration at this time relates to the changes which 
characterize the new edition. 

In general, the work is a reprint of the first impression, with such cor- 
rections and minor changes as are naturally desirable after such a lapse 
of years. It is a gratifying tribute to the scholarship of the author that 
the changes in the original text are so few, as also that the demand for 
the work has made this edition necessary. It should not be thought, how- 
ever, that the text has not been thoroughly revised or that it fails to 
include the latest information relating to discoveries in the field considered. 
The care shown in the revision is seen in numerous changes in the foot- 
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notes as well as in the pages themselves. A considerable number of these 
changes were made for the purpose of embodying in the text certain 
addenda and corrigenda given in volume III of the first edition, but there 
are numerous other additions which were rendered necessary by recent 
studies of Greek literature. 

Some idea of the nature of the changes may be had from the following 
brief summary of the more important ones: 

Vol. I, pp. 8,9. The statement regarding Euclid’s Book on the division 
of figures, necessitated by Professor Archibald’s edition (Cambridge, 1915) 
of this work. 

Pp. 20-22. A reconsideration of the probable date of Heron. The 
author rightly speaks of it as “‘still a vexed question,’”’ but concludes with 
the statement that ‘‘the net result, then, of the most recent research is to 
place Heron in the third century A. D., and perhaps a little earlier than 
Pappus,” a conclusion which he had already expressed in his History of 
Greek Mathematics. This result of his summation of the arguments will 
probably be accepted as conclusive unless and until new evidence is found 
to invalidate it. 

P. 32. The question of whether or not Proclus wrote any commentaries 
upon Euclid’s Elements beyond Book I,—already considered inthe addenda 
of volume III of the first edition. 

P. 39. On the origin of the name Geminus. 

P. 74. On the origin of the scholia of Euclid. 

P. 113. Certain recent editions of Euclid. 

P. 351. Further notes on Euclid I, 47, largely from the addenda of 
the first edition. 

P. 352. The seeming approval of Professor Peet’s assertion that 
nothing in Egyptian mathematics ‘‘suggests’’ that the Egyptians were 
acquainted with the fact that the 3-4-5 triangle was right-angled,—an 
assertion which will certainly be considered further by future historians, 
and which (as to the word ‘‘suggested’’) is even now open to doubt. 

P. 362. The possibility that the Pythagorean relation a?+5?=c* had 
its origin in India or in China. 

The most extended additions to the text of volume I consist of two 
excursus. The first, which was for the most part given among the addenda 
of volume III of the first edition, relates to Pythagoras and the Pythagor- 
eans and considers chiefly the arguments advanced by Junge (1907) and 
Vogt (1908) to the effect that the Greek work on irrationals was due rather 
to the later Pythagoreans than to the early founders of the brotherhood, 
a theory which the author believes to be untenable. He agrees, however, 
with Vogt that it is not likely that the early Pythagoreans actually con- 
structed the five regular solids in the manner seen in Euclid XIII. 

The second excursus will have more popular interest, since it is con- 
cerned with the history of certain fanciful names that have attached them- 
selves to some of Euclid’s theorems. These are the pons asinorum (properly, 
Euclid I, 5); ‘‘the theorem of the bride,” “the bride’s chair,”’ the dulcarnon, 
or the Francisci tunica (‘‘the Franciscan’s cowl;’’ Euclid I, 47), and the 
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pes anseris (“‘goose’s foot”’) or cauda pavonis (‘‘peacock’s tail; ’’ Euclid III, 
7 and 8). 

The important changes in volume II are largely from the addenda 
of the first edition and are found on pages 190 (on Euclid VI, def. 5) and 
425 (on perfect numbers). 

Volume III is practically unchanged. 

The preface to this edition refers to two distinct movements “‘in the 
domain of geometrical teaching.’”’ The first relates to a ‘‘widespread 
desire among teachers for the establishment of an agreed sequence to be 
generally adopted in teaching the subject,”’ and the second to “the move- 
ment in favor of reviving, in modified form, the proposal made by Wallis 
in 1663 to replace Euclid’s Parallel-Postulate by a Postulate of Similarity.” 
Such movements may be commanding the attention of teachers in England; 
but in the United States the movement in the first case is decidedly in the 
opposite direction, and the second case has attracted no attention on the 
part of our schools. Furthermore, it is very doubtful if a study of current 
textbooks would show that either of these tendencies is very pronounced in 
the continentai countries. 

In any case. however, no teacher of geometry can afford to be ignorant 
of the spirit of Euclid, since it is this spirit which constitutes the essence 
of all demonstrative geometry. It is probable that no equal expenditure of 
money would produce as good results in the teaching of geometry as the 
purchase of sets of these volumes and the placing of them in the libraries 
of our high schools. In comparison with the rather ephemeral educational 
literature of the time, a work of this kind has a permanent value and sets 
a scholarly standard that will encourage better teaching in the one branch 
of study in our secondary school that gives real insight into the significance 
of mathematics. 

Davip EUGENE SMITH 
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Dynamik. By Dr. Wilhelm Miiller. Berlin and Leipzig, Walter de Gruyter, 
1925. Part I, Dynamik des Einzelkérpers, 160 pp. Part Il, Dyna- 
mik von Kérpersystemen, 137 pp. 

Précis de Mécanique Rationnelle. By Georges Bouligand. Vol. I. Paris, 
Librairie Vuibert, 1925. viii+282 pp. 

Introduction Géométrique a@ la Mécanique Rationnelle. By Charles 
Cailler. Ouvrage publié par H. Fehr et R. Wavre. Genéve, George 
et Cie., Paris Gauthier-Villars, 1924. ix+627 pp. 


The two small volumes by Miiller follow the aim of the Géschen 
series to give with brevity the essentials of a subject. The evident purpose 
has been to fit these two books to the technical student as well as the mathe- 
matical student who is desirous of becoming acquainted with dynamics 
as an application of his science. Thus each chapter opens with a theoretical 
discussion and closes with a problem as practical as possible. Vectors are 
introduced immediately and used everywhere to add to the compactness 
of the treatment. 

The first chapter treats of the motion of a point in terms of velocity 
and acceleration ending with curvilinear motion in space. In the second 
chapter, mass and force are added and Newton’s laws of motion developed. 
Motion, involving only translation, in a gravitational field, on a surface, 
periodic, including both damped and forced vibrations, are typicalexamples 
of this chapter. The final chapter studies the general motion of a rigid 
body thus including rotation. The examples include rolling motion, the 
engine regulator, the pendulum, closing with the theory of the top. 

The second volume of Miiller treats of dynamical systems of rigid bodies. 
In the first chapter the concept of a system is defined, and the various 
kinds of forces involved are considered, friction in detail on account of its 
technical importance. The equations of motion are considered for the 
various portions of a system with such examples as a cylinder rolling on a 
moving inclined plane, complicated pulley systems, etc. 

In the second chapter the general analytic methods are developed 
drawing on D’Alembert’s principle, and the Lagrangian equations are 
derived. Examples considered are the steam engine with its regulator, the 
double pendulum, the precession and nutation of the top, and the gyros- 
copic stabilizer for ships. The third chapter includes the applications of 
the calculus of variations to dynamics. Much ground is covered well for 
so small a book. 


The Mécanique Rationnelle by Bouligand centers its development upon 
mecting the demands of the French examinations. A perusal of this book 
will give an idea of the skill in manipulation and the range of topics re- 
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quired of the candidates for the exacting examinations of the “‘agrégation”’ 
and the “‘licence’’. The sound advice is given to the student who must be 
his own instructor to push on to the problems during a first reading, and 
then with the aid of the knowledge acquired to return to the study of the 
theory. 

The first seven chapters give a rapid introduction into the dynamics 
of systems. Vectors, motion of a point and of a solid body, center of 
mass, principles and general theory of dynamics with applications to a 
solid body, follow in rapid order. The calculus of variations is introduced 
and illustrated by the geodesics of a surface, and then it is shown how the 
equations of motion can be considered as extremals of an integral. Constant 
appeal is made to the theory of Lagrange. 

Chapter VIII, the most important in the book, gives a résumé of the 
theoretical results, and then proceeds to show in detail the methods of 
dealing with examples which are classified according to the number of the 
degrees of freedom. Each of the degrees from one to five is illustrated 
by examples of considerable difficulty, many of which are taken from past 
examinations. Among the topics of special interest is the use of analysis 
situs to exhibit the differences of the so-called equivalent dynamical sys- 
tems. A second volume of this treatise is promised. 


After a long period of teaching mathematics and mechanics at the 
University of Geneva, Charles Cailler retired in 1921. While busy in the 
preparation of the Mécanique Rationnelle he was overtaken by death in 
1922. The manuscript in a partly incomplete form was turned over to 
H. Fehrand R. Wavre for editing. Cailler’s object was to give a new presen- 
tation of the subjects of kinematics, statics, and dynamics. Fortunately 
the co-editors were familiar with his point of view, since they were not 
only his colleagues at the University but also his former pupils. The high 
esteem in which Cailler was held by all and in particular by the co-editors 
is expressed with grace in their introduction. 

The author makes his treatise depend upon determinants and linear 
transformations not limiting himself to a euclidean space of three dimen- 
sions but assuming a space of m dimensions in which motion without 
deformation is possible. The book is divided into four parts. The first 
part is devoted to the laying of this algebraic foundation for which the 
author claims a double advantage: first that it unifies the whole subject 
of rational mechanics and second that it makes easier the approach to 
the relativity theory, a subject which goes beyond the scope of the present 
volume. The three chapters of this section are, in order: linear forms, 
quadratic forms, and the theory of linear transformations. These are 
all developed in detail with constant geometrical interpretation. 

The second part treats of the geometry of vectors, forces, and line 
geometry. 

The third part develops kinematics and finite motions with an ex- 
tended section on quaternions. 

The final part is again kinematics and infinitesmal motions. The 
discussion ranges from simple topics as parabolic motion, harmonic 


| 


1927.] SHORTER NOTICES 251 


motion, Lissajous’ curves to those more advanced, as the transformations 
of Lagrange, the instantaneous motion of a solid body, the general theory 
of rolling motion. 

The examples and applications are indeed numerous and well chosen 
throughout the 627 pages and represent the fruits of a life spent in the 
cultivation of this field. The co-authors consider the correspondence set 
up between line geometry and the point geometry on a sphere by means of 
the complex coordinates of a line to be the most interesting and original 
part of the work. 

G. M. ConwELL 


Hohere Algebra. By Helmut Hasse. Vol. I, Lineare Gleichungen. Samm- 
lung Géschen. Berlin and Leipzig, Walter de Gruyter, 1926. 160 pp. 


The author states in the introduction that the fundamental problem of 
algebra is the development of general methods by which equations, formed 
by the four elementary calculation operations from the known and un- 
known elements of a Kérper, may be solved. This volume treats the solu- 
tion of linear equations and volume II is to treat equations of higher degree. 

In Chapter I the theory of Kérper and Integritdtsbereiche is developed, 
and rational and integral rational functions defined in relation to the 
elements of Kérper and Integritétsbereiche. Chapter II contains the eie- 
ments of the abstract theory of groups, developed in a manner analogous 
to the theory of Kérper. 

Chapters III and IV are devoted to the actual solution of the problem. 
Chapter III contains a complete solution from the theoretical standpoint, 
namely, the Toeplitz treatment of linear equations. This method 
consists essentially in reducing the problem of the solution of a given 
system of linear equations, satisfying the necessary condition for solution, 
to that of the solution of an equivalent system of linearly independent 
equations for which the necessary condition is proved to be sufficient. 
A vector is defined in this chapter as the coefficients of a linear form, and - 
a matrix as m vectors, each of which is n-membered. Chapter IV differs but 
little in the material included from the usual chapter on determinants and 
linear equations contained in elementary texts on the theory of equations. 
The treatment, owing to the excellent foundations laid in the first two 
chapters, is most rigorous. It is introduced by a brief treatment of per- 
mutation groups. 

Notwithstanding the small size of this volume, the author sacrifices 
nothing of rigor and clarity to compactness. There are several sets of 
examples in the first two chapters; but, if the reader wishes to apply the 
theory, he is forced to look elsewhere for problems. 

L. T. Moore 
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NOTES 


The opening number of volume 28, series 2, of the Annals of Mathe- 
matics (December, 1926) contains: On the problem of coloring maps in four 
colors, I, by C. N. Reynolds; Some theorems on deducibility, by C. H. 
Langford; Note on certain associated systems of linear equalities and in- 
equalities, by L. L. Dines; Some further theorems concerning the formation 
of chains, by A. Arwin; Note on the extensions of groups to obtain nth roots, 
by M.H. Ingraham; Periodic solutions of linear differential equations, by 
W. B. Fite; On the inversion of the order of integration of a two fold iterated 
integral, by H. J. Ettlinger; The summability of single and multiple 
Fourier series, by H. W. Bailey; The arithmetic of a general algebra, by 
O. C. Hazlett. 


The Physico-Mathematical Society of Leningrad has begun, in 1926, 
the publication of a Journal. Most of the articles are in Russian, but 
abstracts in French, German, or English are provided. 


Professor J. C. Fields, president of the international mathematical 
congress held at Toronto in 1924, reports that the printing of the Pro- 
ceedings of this congress is now well under way. The completed work 
will be in two volumes, aggregating about 1800 quarto p--ges; it is hoped 
that it will appear in the summer of 1927. 


At the annual meeting of the London Mathematical Society, held 
November 11, 1926, the following officers were elected: Professor G. H. 
Hardy, president; Professor S. Chapman, Professor A. L. Dixon, and 
Mr. J. E. Littlewood, vice-presidents; Dr. A. E. Western, treasurer; 
Professor H. Hilton, librarian; Professor G. N. Watson and Mr. F. P. 
White, secretaries. 


The Paris Academy of Sciences announces the award of the following 
prizes for 1926: the Poncelet prize to Paul Montel, for his mathematical 
work; the Francceur prize to Gaston Julia, for his work in the theory of 
functions; the Montyon prize to Kyrille Popoff, of the University of Sofia, 
for his Les Méthodes d’Intégration de Poincaré et le Probléme de la Balistique 
Extérieure; the Bordin prize to Serge Bernstein, of the University of 
Kharkoff, for his Lecons sur les Propriétés Extrémales et la Meilleure 
Approximation des Fonctions Analytiques d’une Variable Réelle; the 
de Parville prize to Antoine Alayrac, for his Mécanique de l’ Aviation; the 
Valz prize to Frank Schlesinger, of Yale University, for his astronomical 
work, especially in the measurement of stellar parallaxes; the Grand Prize 
in mathematics to E. B. de Fontviolant, for his work on the resistance of 
materials; the de Joest prize to A. Quemper de Lanascol, for his Géométrie 
du Compas; the Jules Mahyer prize to Louis de Broglie, for his work in 
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quantum theory; the Jérome Ponti prize to Maurice Fréchet, for his work 
in the theory of assemblages and in the calculus of functionals; a prize 
from the Gegner foundation to René Baire, for his mathematical work; a 
prize from the Becquerel foundation to Georges Bruhat, for his work in 
theoretical physics. 


The New York Academy of Sciences has awarded its A. Cressy Morrison 
prize for a research paper on the source of solar energy (see this Bulletin, 
vol. 32, p. 722) to Donald H. Menzel, of the Lick Observatory. 


Associate Professor Emil Artin, of the University of Hamburg, has been 
promoted to a full professorship of mathematics. 


Dr. Erich Kamke, of the University of Miinster, has been appointed 
associate professor of mathematics at the University of Tiibingen. 


The Daniel Guggenheim Fund for Research in Aeronautics has made a 
grant of $78,000 to the University of Michigan; this will be used to complete 
the construction of wind tunnels and to establish a new professorship in 
aeronautics. 


At the University of Wisconsin, Professor E. Schrédinger, of the Uni- 
versity of Zurich, delivered a course of lectures in January, 1927, on 
recent developments in quantum mechanics; Professor Peter Debye, of 
the Zurich Technical School, has been appointed acting professor of 
mathematical physics for the second semester of 1926-1927. 


Mr. L. G. Butler has been appointed professor of mathematics at 
Albany College, Albany, Oregon. 


Professor Alan D.Campbell, of the University of Arkansas, has accepted 
an associate professorship at Syracuse University, and will assume his 
duties there next September. 


Dr. D. R. Davis has been appointed assistant professor of mathematics 
at the University of Oregon. 


Mr. P. S. Dwyer has been appointed assistant professor of mathematics 
at Antioch College. 


Dr. W. W. Elliott has been appointed assistant professor of mathematics 
at Duke University. 


The following appointments to instructorships in mathematics are 
announced: Columbia University, Dr. Edgar Dehn; Lehigh University, Dr. 
George Riddle; Yale University, Mr. T. W. Moore. 


Dr. Joaquin de Mendizabal-Tamborrel, gecgraphical and military 
engineer in the Mexican army, and author of several books of mathemati- 
cal tables, died September 8, 1926. Dr. de Mendizabal-Tamborrel had 
been a member of this Society since 1892. 
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NEW PUBLICATIONS 


PART I. PURE MATHEMATICS 


APOLLONIOS. See CzZzwWaLina (A.). 

Bortro (A.). Progressione arithmetico de gradu superiore ad uno. Cuneo, 
N. Menzio, 1925. 

Czwattna (A.). Die Kegelschnitte des Apollonios. Miinchen, Oldenbourg, 
1926. 

DEDEKIND (R.). Essenza e significato dei numeri. Continuita e numeri 
irrazionali. Traduzione dal tedesco e note storico-critiche di O. 
Zariski. Roma, Stock, 1926. 306 pp. 

Deun (M.). See Pascu (M.). 

Dupeney (H. E.). Modern puzzles and how to solve them. London, 
Pearson, 1926. 190 pp. 

Duranp (C. G.). Pour comprendre le calcul intégral. Paris, Doin, 1926. 
216 pp. 

HuGueEs (R. T.). See Sippons (A. W.). 

LESEHEFTE der Mathematik. Heft I: Aus der Griechischen Mathematik. 
Ausgabe A: Griechische Texte. Ausgabe B: Deutsche Uebertragung. 
Breslau, Hirt, 1926. 32+34 pp. 

LIETZMANN (W.). Ueberblick iiber die Geschichte der Elementarmathema- 
tik. Leipzig, Teubner, 1926. 65 pp. 

MicueEt (C.). Compléments de géométrie moderne. Paris, Vuibert, 1926. 
319 pp. 

DE Montmorency (H.). From Kant to Einstein. Cambridge, Heffer, 1926. 
3+39 pp. 

Pasco (M.) und DEHN (M.). Vorlesungen iiber neuere Geometrie, von 
Moritz Pasch, 2te Auflage, mit einem Anhang: Die Grundlegung der Ge- 
ometrie in historischer Entwicklung. (Die Grundlehren der mathema- 
tischen Wissenschaften, Band 23.) Berlin, Springer, 1926. 10+275 pp. 

pu Pasquier (L. G.). Le calcul des probabilités, son évolution mathé- 
matique et philosophique. Paris, Hermann, 1926. 22+304 pp. 

Ponton (D.). Stories about mathematics-land. Book 1. London, Dent, 
1926. 186 pp. 

Sippons (A. W.) and HuGueEs (R. T.). Theoretical geometry. Cambridge, 
University Press, 1926. 16+ 163 pp. 

Stevens (W.B.). Trisection of an angle. St. Austell, Warne, 1926. 5 pp. 

Wacms-ey (C.). An introductory course of mathematical analysis. Preface 
by W. H. Young. Cambridge, University Press, 1926. 10+ 293 pp. 

WaiteEuHEaD (A. N.). Religion in the making. {Lowell Lectures, 1926.) 
Cambridge, University Press, 1926. 160 pp. 

Woxrr (A.). Essentials of logic. London, Allen and Unwin, 1926. 146 pp. 

Younc (W.H.). See (C.). 

Zariskt (O.). See DEDEKIND (R.). 
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PART II. APPLIED MATHEMATICS 


ABELL (T. B.). Stability and seaworthyness of ships. London, Hodder and 
Stoughton, 1926. 8+297 pp. 

ANDOYER (H.). La théorie de la lune. (Scientia, No. 17.) Paris, Gauthier- 
Villars, 1926. 87 pp. 

Barr (G.). See NERNsT (W.). 

BECQUEREL (J.). Cours de physique. Tome*II: Elasticité, acoustique. 
Paris, Hermann, 1926. 427 pp. 

Brose (H. L.). See SomMMERFELD (A.). 

Capart (G.). See VIEWEGER (H.). 

CHAUVIERRE (M.). Théorie et pratique du moteur 4 deux temps. Paris, 
Dunod, 1926. 12+208 pp. 

CLINE (I. M.). Tropical cyclones. New York, Macmillan, 1926. 310 pp. 

Cowper (A. D.). See (A.). 

Curie (M.). Le radium et les radio-éléments. Paris, Bailliére. 1925. 
354 pp. 

DanIELs (G. W.). See Jones (D. C.). 

Danjon (A.). Description du ciel. Paris, J. Rieder, 1926. 80 pp. 

DaweE (C. V.). See Ruston (A. G.). 

EppINGTON (A. S.). The internal constitution of the stars. Cambridge, 
University Press, 1926. 8+407 pp. 

ErnsTEin (A.). Investigations on the theory of the Brownian movement. 
Edited with notes by R. Fiirth. Translated by A. D. Cowper. New 
York, Dutton, 1927. 8+-124 pp. 

Firtu (R.). See EInsTEIN (A.). 

von IGNAtowsky (W.). Die Vektoranalysis und ihre Anwendnung in der 
theoretischen Physik. 3te Auflage. iter und 2ter Teil. Leipzig, 
Teubner, 1926. 

Jones (D. C.) and DaAniELs (G. W.). Elements of mathematics for students 
of economics and statistics. Liverpool, University of Liverpool Press, 
1926. 8+240 pp. 

Kine (L. V.). Gyrometric electrons and a classical theory of atomic 
structure and radiation. Montreal, Louis Carrier, 1926. 28 pp. 

Livens (G. H.). The theory of electricity. 2d edition. Cambridge, Uni- 
versity Press, 1926. 427 pp. 

MARIGNY DE GRILLEAU. Le-gain scientifique 4 la roulette ou au trente et 
quarante par les lois du hasard. Marseille, Moullot, 1926. 

Mason (F. W.). Mass spectra and isotopes. London, Oxford University 
Press, 1925. 

Morevux (T.). Pour comprendre la physique moderne. Paris, Doin, 1926. 
300 pp. 

MOUuLLIN (E.). The theory and practice of radio frequency measurements. 
London, Griffin, 1926. 11+278 pp. 
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Miver (E.). Technische Uebungsaufgaben fiir darstellende Geometrie. 
Heft 6. Leipzig und Wien, Deuticke, 1926. 

Nernst (W.). The new heat theorem; its foundation in theory and experi- 
ment. Translated from the 2d German edition by G. Barr. London, 
Methuen, 1926. 16+281 pp. 

NewMAN (F. H.). The production and measurement of low pressures. 
London, Benn, 1925. 192 pp. 

OLtiviER (H.). Cours de physique générale. 3e édition. Tome I. Paris, 
Gauthier-Villars, 1927. 

Ruston (A. G.). and Dawe (C. V.). Farm measurements. London, 
University Tutorial Press, 1926. 10+ 163 pp. 

SOMMERFELD (A.). Three lectures on atomic physics. Translated by 
H.L. Brose. London, Methuen, 1926. 4+70 pp. 

STERNBERG (W.). Potentialtheorie. II: Die Randwertaufgaben der Poten- 
tialtheorie. (Sammlung Géschen.) Berlin, de Gruyter, 1926. 132 pp. 

TomBrook (W.). Miller’s experiments and the constitution of matter: a 
hypothesis. Translated from the Dutch. Bergen op Zoom, P. Harte, 
1926. 25 pp. 

VIEWEGER (H.). Recueil de problémes avec solutions sur 1’électricité et 
ses applications pratiques. Traduction francaise de G. Capart. 5e 
édition, revue et augmentée. Paris, Dunod, 1926. 18+ 441 pp. 

WacstarFF (C. J. N.). Properties of matter. 4th edition. London, Uni- 
versity Tutorial Press, 1926. 8+279 pp. 

Wuuis (E. J.). Spherical analytic geometry, an appendix to methods of 
modern navigation. Richmond, Va., Nolting, 1926. 16 pp. 

Wyss(T.). Die Kraftfelder in festen elastischen K6rper und ihre praktischen 
Anwendungen. Berlin, Springer, 1926. 9+368 pp. 


THE COLLOQUIUM PUBLICATIONS 


Functionals and their Applications, by G. C. Evans. (The Cam- 
bridge Colloquium, Part I.) New York, 1918. Price $2.00; to 
members, $1.50. 


Analysis Situs, by OswaLtp VEBLEN. (The Cambridge Colloquium, 
Part II.) New York, 1922. Price $2.00; to members, $1.50. 


On Invariants and the Theory of Numbers, by L. E. Dickson; and 
Topics in the Theory of Functions of Several Complex Vari- 
ables, by W. F. Oscoop. (The Madison Colloquium.) New 
York, 1914. Price $2.50; to members, $2.00. 


Fundamental Existence Theorems, by G. A. BLiss; and Differential- 
Geometric Aspects of Dynamics, by Epwarp Kasner. (The 
Princeton Colloquium.) New York, 1913. Price $2.50; to mem- 
bers, $2.00. 


Linear Systems of Curves on Algebraic Surfaces, by H. S. Wuite; 
Forms of Non-Euclidean Space, by F. S. Woops; and Selected 
Topics in the Theory of Divergent Series and of Continued 
Fractions, by E. B. Van Vuiecx. (The Boston Colloquium.) 
New York, 1905. Price $4.00; to members, $3.50 


Evanston Colloquium Lectures, by 1893. Second 
Edition, New York, 1911. Price $1.25; to members, $0.85. 


Mathematical Papers of the Chicago Congress, 1893. New York, 
1896. Price $4.00; to members, $3.50. 


OTHER PUBLICATIONS 


THE TRANSACTIONS 
Full Set, volumes 1—21, published at $105.00.............. $90.00 
Single volumes, volumes 1—21, each....................-- 5.00 
Volume 22 and beyond, each, to members, $5.25; to others.. 7.00 


THE BULLETIN 


Volumes 12—26 (with index of vols. 11—20).............. $60.00 
Single volumes, volumes 12—26, each..................-2% 5.00 


REPRINTS OF ADDRESSES. See a special announcement on 
the next flyleaf of this issue. 


PORTRAITS. Maxime Bocuer, F. N. Cote. Price, 20 cents. 


Orders may be addressed to 
501 WEST 116TH STREET, NEW YORK, N.Y. 
On sale also by the following official agents of this Society: 


The Open Court Publishing Co., 122 S. Michigan Ave., Chicago, IIl. 
Bowes & Bowes, 1 Trinity St., Cambridge, England. 
Hirschwaldsche ‘Buchhandlung, Unter den Linden 68, Berlin. 
Libreria Giovanni Bardi, Piazza Madama 19-20, Rome, Italy. 


REPRINTS OF ADDRESSES 
The Society has in stock a limited number of copies of reprints of 
addresses which have appéared in this BuLLETIN during the past 
year. They will be sold practically at cost, at the following prices: 


Properties of unrestricted functions, by Henry Briumperc, this 


Some modern views of space (The Gibbs Lecture for 1925), 
by James PrerPont, this BULLETIN, vol. 32, pp. 225-258... .$0.30 


The Borel theorem and its generalizations, by T. H. Htpe- 


BRANDT, this BULLETIN, vol. 32, pp. 423-474............-06- $0.45 
Some recent work in the calculus of variations, by ARNOLD 
DRESDEN, this BULLETIN, vol. 32, pp. 475-521.............- $0.40 
Recent progress with the Dirichlet problem, by O. D. KEL- 
LocG, this BULLETIN, vol. 32, pp. 601-625.............-.0+- $0.20 
On the metrization problem and related problems in the theory of 
abstract sets, by E. W. CHITTENDEN, vol. 33, pp. 13-34..... $0.20 
A mathematical critique of some physical theories. Presidential 
address by G. D. Brirkuorr, this BULLETIN, vol. 33, pp. 165- 


Address orders to the Society or to one of its official agents. 


HISTORY OF MATHEMATICS 


By DAVID EUGENE SMITH 


Volume I. General Survey of the History of Ele- 
mentary Mathematics. Catalogue price, $4.00 


Volume II. Special Topics of Elementary Mathe- 
matics. Catalogue price, $4.40 


“For all teachers of mathematics this is one of the most 
important and helpful publications of our day.” 


Boston GINN AND COMPANY ‘ew York 


Chicago Atlanta Dallas Columbus San Francisco 


| 
| 
| 
| 


Mémorial des Sciences Mathematiques 
Edited by Henri 


Under the patronage of la Société mathématique de France, 1’Acadé- 
mie des Sciences de Paris, and the scientific academies of Servia, Bel- 
gium, Bucarest, Poland, Ukraine, Spain, Prague, Rome (dei Lincei), 
and Sweden. See this BULLETIN, vol. 31, Nos. 5-6, p. 281. 


The following seventeen monographs have appeared at 10 fr. each. 


Pau. AppPELL, Sur une forme générale des équations de la dynamique. 

G. Vattron, Fonctions entiéres et fonctions méromorphes. 

AppeL, Séries hypergéométriques de plusiers variables, polynomes 
d’Hermite et autres fonctions sphériques de l’hyperespace. 

M. p’OcacneE, Esquisse d’ensemble de la nomographie. 

P. Lévy, Analyse fonctionnelle. 

E. Goursat, Lo probléme de Backlund. 

A. Bua., Séries analytiques. Sommabilité. 

TH. DE Donner, Introduction a la gravifique einsteinienne. 

E. Cartan, La géométrie des espaces de Riemann. 

P. Humpert, Fonctions de Lamé et fonctions de Mathieu. 


G. Bouticanp, Fonctions harmoniques. Principes de Picard et de 
Dirichlet. 


R. GossE, La méthode de Darboux pour les équations s=f (x, y, 2, p, q). 
A. VERONNET, Figures d’équilibre et cosmogonie. 

TH. Donver, Théorie des champs gravifiques. 

S. ZArEMBA, La logique des muthématiques. 

A. Bunt, Formules Stokiennes. 

G. Va.tron, Théorie générale des séries de Dirichlet. 


Many others are in press or in preparation. 
For all information, address M. Villat, l'Université de Strasbourg, or 


Gauthier-Villars et Cie., 55, Quai des 
Grands-Augustins, Paris 
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Members of the American Mathematical Society will receive a 
discount of 25% on all of the publications listed below. The net 
prices to members are stated. 


Mathematische Annalen—Mathematische Zeitschrift 


One or two volumes of the ANNALEN, and two or three volumes 
of the ZEITSCHRIFT, appear each year. Each volume contains about 
800 pages. The net price to members is $12.75 per volume, plus 
postage. 


Die Grundlehren der mathematischen Wissenschaften 


This series is edited by R. Courant, assisted by W. Blaschke, ; 
M. Born, and C. Runge. Recent volumes are listed in this BULLETIN 
under New Publications. The net price to members of recent vol- 
umes of about 300 pages is $3.10 plus postage. 


Orders for books of the Courant series, for the ANNALEN, and 
for the ZEITSCHRIFT, should be sent to the publisher, Julius Springer, 
Berlin, or his official, who is also an official agent for this Society: 


Hirschwaldsche Buchhandlung, Unter den Linden 68, Berlin 


Jahrbuch iiber die Fortschritte der Mathematik 


For recent issues, the net prices to members, including mailing, 
are: vol. 46 (1916-18), $17.05; vol. 47, Nos. 1-5, $9.80; vol. 48, Nos. 1-3, 
$6.70. Orders should be sent to 


L. Bieberbach, Marienbaderstr. 9, Berlin-Schmargendorf 
or to 
Walter de Gruyter & Co., Genthinerstr. 38, Berlin 


This firm publishes also CRELLE’s JouRNAL, the MINERVA-ZEIT- 
SCHRIFT, and many other journals. 


Abhandlungen aus dem Mathematischen Seminar der 
Hamburgischen Universitat 
One volume of about 400 pages appears each year. The net price 


to members is $3.90, plus a mailing charge, if orders are sent to: 
B. G. Teubner, Publisher, Leipzig, Germany 


OFFICIAL COMMUNICATIONS 


Meetings of the Society have beer fixed at the following 
times and places: 


Stanrorp University, April 2, 1927. (The Sani Francisco 
Section.) 


Abstracts must be in the hands of the Secretary of the Section, Pro- 
fessor B. A. Bernstein, not later than March 12, 1927. 


Cuicaco, April 15-16, 1927. 

Abstracts must be in the hands of the Assistant Secretary of the 
Society, Professor Arnold Dresden, 2114 Vilas St. Madison, Wis., not 
later than March 25, 1927. At the request of the program comnnittee, 
Professor E. W. Chittenden will deliver an address on Some phases of 
general topology. 


New York Ciry, May 7, 1927. 


Abstracts must be in the hands of the Secretary of the Society, Pro- 
fessor R. G, D. Richardson, 5or West 116th St., New York City, not 
later than April 16. 


Vancouver, British Corumsta, June 18, 1927. (The San 
Francisco Section.) 
Abstracts must be in the hands of the Secretary of the Section, Pro- 


fessor B. A. Bernstein, University of California, Berkeley, not later 
than May 27. 


Mapison, WIsconsIN, SUMMEK MEETING AND CoLLoguiIuM. 
September 6-9, 1927. 

Abstracts must be in the hands of the Secretary of the Society, Pro- 
fessor R. G. D. Richardson, 501 West 116th St., New York City, not 
later than August 8. Series of colloquium lectures will be delivered by 
Professor E. T.-Bell on JJgebraic arithmetic, and by Professor Anna 
Pell-Wheeler on The theory of quadratic forms in infinitely many vari- 


ables, and applications. 
R. G. D. RrcHarpson, 
Secretary of the Society. 


Articles for insertion in the Buttetin should be addressed to E. R. 
Heprick, Editor of the BuLLetin, University of California, Los Angeles, 
Calif. Reviews should be sent to W.-R. Lonctey, Yale University, 
New Haven, Conn. Notes should be sent to H. W. Kunn, Ohio State 
University, Columbus, Ohio. 

Subscriptions to the BuLtetrn, orders for back numbers, and in- 
quiries in regard to non-delivery of current numbers should be addressed 
to The American Mathematical Society, Menasha, Wis., or 501 West 
116th Street, New York. 

Advertising space is available in the BULLETIN at $16 per page, $o per 
half page. $5 per quarter page, per issue. Address correspondence re- 
garding advertising to H. L. Retz, University of- Iowa, Iowa City, 
Iowa. 

Changes of address of members should be communicated at once 
to the Secretary of the Society, R. G. D. RicHarpson, 501 West 116th 
Street, New York. 

The initiation fees ($5.00) and the annual dues ($6.00) of members 
of the Society are payable to the Treasurer of the Society, W. B. Fire, 
501 West 116th Street, New York. 
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